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Achieving Massive Connectivity with
Non-orthogonal Pilots and Dirty-RFs
Kyung Jun Choi and Kwang Soon Kim
Abstract: Emerging 5G wireless networks need to support sufﬁcient connectivity for a large number of machine-type communication devices, which may have poor radio-frequency (RF) circuit
quality due to cost- and energy-efﬁcient design. In this paper, the
connectivity is analyzed for a training-based large-scale antenna
system employing both non-orthogonal pilots and dirty-RFs on
both the transmitter and receiver sides. By considering the effects
of imperfect hardware and interference caused by non-orthogonal
pilots, the performance of the linear minimum mean-square error
(MMSE) channel estimator is derived, and the corresponding average rate of the maximum ratio combiner (MRC) is obtained. From
these results, the connectivity maximization problem is formulated
and the closed-form solutions for the optimal training length and
the optimal number of simultaneously served users are provided.
Asymptotic analysis further reveals that allowing only orthogonal
pilots limits both the connectivity even when a large number of antenna is employed. However, by allowing non-orthogonal pilots,
both the connectivity and the energy efﬁciency can be improved
signiﬁcantly, even when dirty-RFs are taken into account.
Index Terms: Dirty-RFs, non-orthogonal pilots, large-scale antenna
system, training-based transmission.

I. INTRODUCTION

N

EW varieties of 5G scenario, such as machine-type communication (MTC) or Internet-of-Things (IoT), require
massive connectivity in cellular systems [1]. To achieve this
requirement, one promising approach is to increase the spatial
degree-of-freedom (DoF) by employing a large-scale antenna
system concept (a.k.a. massive multiple input multiple output
(MIMO)), in which a base station (BS) equipped with a very
large number of antennas serves a number of users simultaneously with the same time-frequency resource [2]. Since the use
of multiple antennas has, thus far in practice, extended the number of simultaneous uplink access streams to match the number of antennas, it has been widely believed that employing the
large-scale antenna system concept in a cellular system will provide the same, straightforward connectivity gain [3]. However,
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most MTC or IoT devices are power-limited and cost-limited
so that the use of expensive and power-inefﬁcient high-quality
radio-frequency (RF) is inappropriate [4], and the use of lowquality RF with a low transmit power is inevitable. In addition,
the use of high-quality analog-to-digital converters (ADCs) requires non-negligible power consumption and complexity, and
their use may be limited, even for a BS due to the large number
of RF chains. Thus, for an MTC or IoT scenario, it would be
more reasonable to assume an large-scale antenna system with
dirty-RFs on both the transmitter and receiver sides.
With dirty-RFs at the transmitter, various transmitter hardware impairment effects need to be considered, including inphase/quadrature-phase (I/Q) imbalance, RF non-linearity, and
oscillator phase noise. Although introducing exact models of
such transmitter hardware impairment effects is nearly impossible, it has been reported that such transmitter hardware impairment effects can be well-modeled as transmit additive Gaussian
noise [5]. This model has been used to derive the achievable
rate of a point-to-point communication system while assuming
either perfect channel state information (CSI) [6], [7] or imperfect CSI [8]. On the other hand, the use of a low-precision ADC
is the main receiver hardware impairment, and its quantization
effect can also be well-modeled as either additive quantization
noise, independent of the transmitted signal, or thermal noise
[11]. The achievable rate under such a receiver hardware impairment has been investigated subject to either Rayleigh fading [11] or Rician fading [12]. Recently, the achievable rate of
a point-to-point communication system with transceiver hardware impairment has been considered by assuming perfect CSI
[13]. However, its quantization effect on the CSI acquisition
step is not negligible, and it is necessary to jointly consider the
effects of the transceiver hardware impairment on both the CSI
acquisition step and the data transmission step to implement an
large-scale antenna system and achieve massive connectivity.
On top of the potentially large number of spatial DoFs in an
large-scale antenna system, another promising approach is to
share each spatial DoF by adopting non-orthogonal multiple access (NOMA), in which more than one user access simultaneously over a single orthogonal resource, and each user’s signal
is distinguished in either the power domain [14] or the code domain [15]. Information theory indicates that NOMA can provide little gain over its orthogonal counterpart in an large-scale
antenna system if perfect CSI is available at the BS, because
there are already plenty of spatial DoFs. However, it is impossible to acquire perfect CSI due to the limited transmit power
available and the CSI even degrades due to the dirty-RFs. In addition, the pilot overhead needs to be taken into account, which
may increase along with the number of users served simultaneously in case of an orthogonal multiple access. Thus, it is
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unclear how the connectivity can be maximized and what the
maximum connectivity is in a training-based large-scale antenna system employing non-orthogonal pilots and dirty-RFs.
This paper aims to address these ground questions and present
valuable insights.
In order to maximize the connectivity in an large-scale antenna system with dirty-RFs in practice, it is generally preferred to employ non-orthogonal pilots with a consideration
for erroneous CSI acquisition. Some optimal designs for nonorthogonal pilots are proposed in [17], [18]. In [17], the optimal non-orthogonal pilots to minimize the channel estimation
error are derived, and it turns out that ﬁnding the optimal nonorthogonal pilots is equivalent to solving the Grassmannian subspace packing problem. In [18], an iterative algorithm is proposed to ﬁnd the optimal non-orthogonal pilotsto maximize the
number of users under a minimum rate constraint in a downlink
large-scale antenna system. In addition, a non-orthogonal pilot is employed to reduce network latency in a downlink largescale antenna system [19]. However, the optimal use of nonorthogonal pilots for massive connectivity in a training-based
large-scale antenna system with dirty-RFs has not yet been investigated.
In this paper, the connectivity of an uplink training-based
large-scale antenna system employing both non-orthogonal pilots and dirty-RFs on both transmitter and receiver sides is derived and then maximized by optimizing the training length and
the number of users served simultaneously. The major concern
of this paper is to address the following question and to ﬁnd the
answer:
• How the connectivity can be maximized in a training-based
uplink large-scale antenna system employing non-orthogonal
pilots and dirty-RFs in both users and base station?
In order to ﬁnd the answer of the above question, the detailed
apporach used in this paper is summarized as follows.
• We ﬁrst model the distortion of dirty-RFs by adopting the
transmit noise model for the transmitter hardware impairment
and the additive quantization noise model for the receiver
hardware impairment. By using the worst-case uncorrelated
Gaussian noise argument, we derive the mean-square error
(MSE) performance of the linear minimum mean-squareerror (MMSE) channel estimator as well as an accurate and
simple approximation for the average user rate of the maximum ratio combiner (MRC) receiver.
• We formulate the connectivity maximization problem with
orthogonal pilots and non-orthogonal pilots and derive the
closed-form solutions to both the optimal training length and
the optimal number of users served simultaneously. Then,
we discuss whether the non-orthogonal pilots are beneﬁcial
or not according to the different levels of transceiver hardware impairment, frame size, and transmit power. In order to
obtain more insight, an asymptotic analysis is performed for
the case of using a power-saving scheme.
• Similar to the connectivity maximization problem, the energy efﬁciency maximization problem is also formulated and
solved. It turns out that single-user transmission is the method
to achieve the maximum energy efﬁciency, and both the nearoptimal training length and transmit power are obtained by
solving two sub-problems iteratively. Then, the achievable
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Fig. 1. System model with the transceiver hardware impairments.

region of the connectivity and the energy efﬁciency is obtained and is shown to be improved signiﬁcantly by allowing
non-orthogonal pilots even with dirty-RFs, as long as they are
taken into account appropriately.
Notations: Boldface lower case is used for denoting column
vectors, such as a and boldface upper case is used for matrices,
such as A, [a]i , AH , and AF denote the ith element of a
vector a, the conjugate transpose of A, and the Frobenius norm
of A, respectively. A circularly symmetric complex Gaussian
random vector is denoted by x ∼ CN (m, C), where m is the
mean and C is the covariance matrix. The expectation operator
is denoted by E[·]. x denotes the function rounding x towards
the nearest integer, (x)+ = max{x, 0}, [a, b] = {x|a ≤ x ≤ b},
and (a, b) = {x|a < x < b}. Finally, ∃x ∈ S indicate that there
exists x in a set S. The notations of symbols are summarized in
Table I.
II. MODELING TRANSCEIVER HARDWARE
IMPAIRMENTS
We consider an uplink training-based large-scale antenna system consisting of a BS with M antennas and K single-antenna
users, as shown in Fig. 1.1 One frame consists of N symbols,
where the ﬁrst L symbols are dedicated to pilot sequences and
the remaining N − L symbols are dedicated to data symbols.
The (un-quantized) received signal at the nth symbol interval
can be written as
yn = Gxn + van,n ,

(1)

where xn ∈ CK×1 and van,n ∼ CN (0, IM ) denote the transmitted signal vector of K users and the noise vector at the nth
symbol interval, respectively. The composite channel fading
matrix, G = [g1 , · · ·, gK ] ∈ CM×K , can be decomposed into
G = HD1/2 , where H = [h1 , · · ·, hK ] denotes the small-scale
fading matrix whose elements are independent and identically
distributed (i.i.d.) CN (0, 1) and D denotes the large-scale fading diagonal matrix with [D]jj = βj . In this paper, we assume a
block fading model, where H remains constant within a frame
but is independent across different frames, while D is invariant
over much longer intervals and is perfectly known at the BS.
Note that xn in (1) may include not only the desired signal but
also the distortion caused from dirty-RFs and yn in (1) will be
further quantized with low-precision ADCs at the BS.
1 Without loss of generality, our system model can be straightforwardly extended to a multi-antenna user case, i.e., it can be considered as the K  users
with X antennas such that K = K  X  .
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Table 1. Symbol notations.

Symbols
M, K, N, L
δ, ρ
x n , x n , Δn

y n , yn
dt tr
ptr
j , pj , p

van,n , vtx,n , vrx,n

gj , hj , βj
Ψ, ψ j
A, B, C, φ, τ, θ
μ, ξ,
D, E

Notations
The number of BS antennas, the number
of signal-antenna users, frame length, and
training interval length, respectively
The parameters to model transmitter
hardware impairment and receiver hardware impairment
The desired transmit signal, the distorted
transmit signal, and the transmitter hardware impairment at the nth symbol interval, respectively
The received signal before quantization
and the received signal after quantization
at the nth symbol interval, respectively
The desired signal power of user j during training and data transmission, respectively, and the received target signal
power during training
The additive Gaussian white noise, the
noise caused from the transmitter hardware impairment, and the noise caused
from the receiver hardware impairment at
the nth symbol interval, respectively
The composite channel fading, the smallscale fading and the large-scale fading between user j and BS, respectively
The pilot matrix and the pilot sequence of
length L allocated to user j
Auxiliary variables deﬁned in Theorem 2
Auxiliary variables deﬁned in Theorem 3
Auxiliary variables deﬁned in Section IV

The transmitter hardware impairment is well-modeled as additive Gaussian noise on the transmitter side so that xn in (1)
can be written as [5], [9], [10]
x n = x n + Δn ,

(2)

where xn ∈ CK×1 denotes the desired signal to be transΥ
=
mitted at the nth symbol interval with E[xn xH
n] = P
Υ
Υ
diag(p1 , · · ·, pK ), Υ = tr (for training phase) if n ∈ [1, L]
and Υ = dt (for data transmission phase) if n ∈ [L + 1, N ],
and Δn ∈ CK×1 denotes the transmit noise vector with
2 Υ 2
E[Δn ΔH
n ] = δ P , which is independent to xn . It is worth
noting that the transmit-side additive noise, Δn , is modeled to
be dependent on the statistics of xn , but not to be dependent to
the actual realizations of xn . Such a model has been widely used
in literature due to its mathemathical tractability at an acceptably
low error. See [5] for the detailed information. Inserting (2) into
(1), we have yn = Gxn + van,n + vtx,n , where vtx,n = GΔn
is the additive noise vector caused by the transmitter hardware
2 Note that δ appears in practical applications as the error vector magnitude
(EVM), which is commonly used to measure the RF quality. For example, the
3rd generation partnership project (3GPP) LTE has EVM requirements in the
range [0.08
0.175]. Note that the relationship between δ and EVM is deﬁned as
EVM = EΔn 2 /Exn 2 = δ, ∀n.

impairment. Note that the actually transmitted power after the
RF circuit is (1 + δ 2 )pΥ
k.
Let Qb (·) be the quantization function using b-bit ADCs.
Then, the quantized version ynq = Qb (yn ) of (1) is given as
ynq = (1 − ρ)yn + vrx,n
= (1 − ρ)(Gxn + van,n + vtx,n ) + vrx,n ,

(3)

where vrx,n denotes the additive quantization noise vector
caused by the receiver hardware impairment, according to the
additive quantization noise model (AQNM) [11], [12], and ρ
denotes the inverse of the signal-to-quantization noise ratio
(SQNR) given as3
E[|[yn ]m − [ynq ]m | ]
2

ρ=

2

E[|[yn ]m | ]

,

(4)
√

where values are given in [11] for b < 5 and ρ ≈ π 2 3 2−2b for
b ≥ 5. Deﬁne vagg,n = (1 − ρ)van,n + (1 − ρ)vtx,n + vrx,n as
the aggregated noise. Its covariance matrix, denoted as Cagg,n =
H
E[vagg,n vagg,n
], can be written as
Cagg,n = (1 − ρ)2 Can,n + (1 − ρ)2 Ctx,n + Crx,n ,

(5)

where



H
= IM ,
Can,n =E van,n van,n
 2 


H
Ctx,n =E vtx,n vtx,n = δ E GPn GH ,






H
= (1 −ρ) ρ (1+δ 2 )E GPn GH +IM ,
Crx,n =E vrx,n vrx,n

Pn = Ptr if n ∈ [1, L] and Pn = Pdt if n ∈ [L + 1, N ].
Note that the detailed derivation of Cagg,n is shown in Appendix
A. Although the covariance matrix of the aggregated noise can
be easily estimated, its exact distribution is not easy to obtain
in general. However, we may take a worst-case uncorrelated
Gaussian noise argument, which can provide quite simple and
well-approximated results. In the sequel, we assume vagg,n ∼
CN (0, Cagg,n ) and is uncorrelated with the data symbol, i.e.,
H
] = 0.
E[xn vagg,n
III. UPLINK PERFORMANCE ANALYSIS
A. Linear MMSE Channel Estimation
Let Ψ = [ψ 1 , · · ·, ψ K ] be the L × K pilot matrix with
ψ k 2 = 1 for ∀k, in which orthogonal pilots can be used if
K ≤ L. Otherwise, if K > L, non-orthogonal pilots must be
used. User j transmits the jth row of Ψ with a transmit power
ptr
j . In general, the received training signal powers from various
users are quite different. In that case, a (cell-edge) user with a
low received training signal power may obtain bad channel estimation accuracy and a (cell-center) user with a high received
training signal power may obtain good channel estimation accuracy, which may result in too small achievable rate for the
cell-edge user. To avoid such a problem, it is natural to equalize
all users’ received signal power, i.e., an uplink open-loop power
3 Note that the AQNM model results in some approximation error when the
number of quantization levels becomes small. However, it is meaningful in a
moderate range of quantization bits, i.e., 4–10 bits.
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control, which is also adopted in 3GGP LTE(-A). To equalize all
users’ channel estimation quality, the average received power of
each user is set to ptr so that the transmit power of user j is set to
tr
ptr
j = p /βj at the training phase and the received signal matrix
q
during this phase, Yq,tr = [y1q , · · ·, yL
], can be written as

tr
(6)
Yq,tr = (1 − ρ) Lptr HΨH + Vagg
,
tr
= [vagg,1 , · · ·, vagg,L ] and the covariance matrix of
where Vagg
vagg,n for n ∈ [1, L] is given as



ρ + δ 2 Kptr + 1 IM .
(7)
Ctr
agg,n = (1 − ρ)

Let hk = hk − hk denote the CSI error vector of user k, where
hk is the output of the linear MMSE channel estimator for user
1
2
=M
Eh2F denote the corresponding MSE of user
k and σch,k
k. Due to power equalization, every user has the same MSE,
2
2
i.e., σch
= σch,k
, for all k.4 The following lemma informs the
properties of the MMSE channel estimation with dirty-RFs and
non-orthogonal pilots.
Lemma 1: With transmitter hardware impairment and re2
ceiver hardware impairment, hk ∼ CN (0, (1 − σch
)IM ) and
2
hk ∼ CN (0, σch IM ) are mutually independent, where the MSE
is expressed as

−1
min{L,K}
+
tr
L
1
(1
−
ρ)
Lp
2
= 1−
+
,
σch
1+
λi
K
K i=1
(ρ + δ 2 ) Kptr + 1
(8)
where λi represents the ith eigenvalue of ΨH Ψ.
Proof: See the proof of Theorem 1 in [17].
2
To minimize the MSE, we need to design pilot sequences as
follows.
2
Lemma 2: Optimal pilot sequences Ψ for minimizing σch
satisfy


K
ΨΨH = max 1,
(9)
IL .
L
Proof: For L ≥ K, it is straightforward to prove that the
use of orthogonal pilots can minimize the MSE. For L < K, the
MSE in (8) can be simpliﬁed as


L
ρ + δ 2 Kptr + 1
1
L
2
σch = 1 −
+
K
K i=1 (ρ + δ 2 ) Kptr + 1 + L (1 − ρ) ptr λi




L
ρ + δ 2 Kptr + 1
1
=1+
−1
K i=1 (ρ + δ 2 ) Kptr + 1 + L (1 − ρ) ptr λi
1
=1−
K

L
i=1

L (1 − ρ) ptr λi
.
(ρ + δ 2 ) Kptr + 1 + L (1 − ρ) ptr λi

So, the minimization of σch is equivalent to the maximization of
L
L
L(1−ρ)ptr λi
i=1 (ρ+δ 2 )Kptr +1+L(1−ρ)ptr λ under
i=1 λi = K, which is
i

obtained when the eigenvalues are the same, i.e., λi = K/L. 2
Note that the above condition is identical to the condition
minimizing the channel estimation error in [20]. In fact, this
4 The

appiled MMSE channel estimator is a conventional MMSE channel estimator by regarding the aggregated noise as the AWGN noise but its covariance
matrix Ctr
agg,n in (7).
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condition is known as the Welch bound equality (WBE) [21].
From Lemmas 1 and 2, we can calculate that the MSE is minimized at
2
=1−
σch

(1 − ρ) Lptr
+

(1 − ρ) (L − K) ptr + (1 + δ 2 ) Kptr + 1

. (10)

When the pilot sequences are under-utilized (orthogonal pilots
2
are used), i.e., K ≤ L, σch
is simpliﬁed into
2
=
σch

→

1
(1−ρ)Lptr
(ρ+δ 2 )Kptr +1

1
1−ρ L
δ 2 +ρ K

+1

+1

, as ptr → ∞,

which implies that even if an extremely high training power is
used, accurate CSI is not achievable at the BS due to both transmitter hardware impairment and receiver hardware impairment.
In the sequel, we assume that optimal pilot sequences are employed.
Remark 1 (Optimal pilot sequences) Obviously, if K ≤ L,
optimal pilot sequences can be obtained from K arbitrarily chosen columns of an L × L unitary matrix. In the case of K > L,
one option is to over-sample an L × L unitary matrix. Although
there are inﬁnitely many sequences that hold the WBE, one simple example is the discrete Fourier transform (DFT) based sequences, obtained as
⎡
⎢
1 ⎢
Ψ= √ ⎢
L⎢
⎣

2πf1

1
1
..
.

e−j K
2πf2
e−j K
..
.

1

e−j

2πfL
K

2πf1 (K−1)

···
···
..
.

e−j K
2πf2 (K−1)
e−j K
..
.

···

e−j

2πfL (K−1)
K

⎤
⎥
⎥
⎥,
⎥
⎦

√
where j = −1 and 0 < f1 < f2 < · · · < fL < K are
arbitrarily chosen integers. Note that the DFT-based sequences
are widely used in the designs of unitary-space time modulation
[22] and the feedback codebook [23].
B. Uplink Average Rate
During the data transmission phase, the received signal vector
at the nth symbol interval, n ∈ [L + 1, N ], is given by
ynq = (1 − ρ)

K
j=1


pdt
j βj hj sjn + vagg,n ,

(11)

where sjn ∼ CN (0, 1) is the information-bearing data symbol
for user j at the nth symbol interval. For the given estimated
channel matrix G = HD1/2 , the covariance matrix of vagg,n is
given as
⎛



Cagg,n = (1 − ρ) ⎝1 + ρ + δ


2

⎞

K

⎠ IM
pdt
j βj

2
σch
j=1

2



+ (1 − ρ) δ 2 Φ + ρ (1 − ρ) 1 + δ


2

Φ,

(12)
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where Φ = GPdt GH and Φ is the diagonal matrix of Φ. Using
the maximum ratio combining (MRC) ﬁlter F = G,5 the average user rate of user k is given by Rk = (1 − L/N )E[log2 (1 +
γk )], where γk denotes the received signal-to-interference-plusnoise ratio (SINR), given by
4

γk =

pdt
k βk hk 
K
 dt
2
2 
2
pi β i | h H
pdt
j βj +
k hi | + σch hk 
j=1

i=k

 H Cdt h

h
agg,n k
k
(1−ρ)2

(13)
K
and the average sum rate is denoted by Rsum = k=1 Rk . The
following theorem presents an approximated version of the average user rate when dirty-RFs are used.
Theorem 1: With transmitter hardware impairment and receiver hardware impairment, the average user rate of user k is
well-approximated by Rk ≈ (1 − L/N ) log2 (1 + γk ), where
(1 − ρ) (M + 1) pdt
k βk
(14)
Σ+
− 1) (1 − ρ) + ρ (1 + δ 2 )) pdt
k βk


 K dt
1
1 + δ2
p
β
+
1
.
and Σ = 1−σ
2
j
j=1 j
ch
Proof: See
2
 dtB.
 Appendix
K
2
dt
pk βk and Ik =
p
β
+
Let Sk = 1 − σch
j
j=1,j=k j
2 dt
pk βk denote the desired signal power (without array gain,
σch
M ) and the interference power, respectively. Then, the effective
SINR, γk , is found as follows.
• Let ρ = δ = 0 (without both transmitter hardware impairment and receiver hardware impairment). Then, γk is simpliﬁed as
γk =

((M δ 2

γk =

•

where the desired signal power increases according to the
2
, the number of BS anchannel estimation quality, 1 − σch
tennas, M , the transmit power, pdt
k , and the pathloss βk ,
and the interference is composed of other-user interference,
K
dt
j=1,j=k pj βj , and the self-interference is caused by the
2 dt
pk β k .
channel mismatch, σch
Let ρ = 0 and δ > 0 (transmitter hardware impairment only).
Then, γk is simpliﬁed as
γk =

•

(M + 1) Sk
,
1 + Ik

(M + 1) Sk
.
1 + (1 + δ 2 ) Ik + (M + 1) Sk δ 2

Since the total transmit power increases according to the
transmitter hardware impairment, the interference power also
increases by a factor of 1 + δ 2 . However, the desired signal power does not change and the power increase due to the
transmitter hardware impairment, (M + 1)Sk δ 2 , is additional
interference.
Let δ = 0 and ρ > 0 (receiver hardware impairment only).
Then, γk is simpliﬁed as
γk =

(1 − ρ) (M + 1) Sk
.
1 + Ik + 2ρSk

5 Here, we deal with a very simple MRC receiver ﬁrst, and we show that it
becomes optimal in meaningful situations. See Remark 3.

Obviously, the receiver hardware impairment reduces the desired signal power by a factor of 1−ρ, and interference caused
by the receiver hardware impairment, 2ρSk , is additionally
generated.
Remark 2: Theorem 1 can be considered as a generalization
2
of the conventional results in literature. When σch
= 0 and
δ = 0 (perfect CSI and no transmitter hardware impairment),
(14) reduces to Theorem 1 in [11] and (16) in [12]. When ρ = 0
(no receiver hardware impairment), (14) is a simpliﬁed version
of (24) in [8]. Note that (24) in [8] is also an approximated equation that includes a hypergeometric function and (14) is more insightful. Also note that the average user rate derived in [12] does
not match Theorem 1, even for the case of δ = 0, because [12]
does not consider the quantization noise in the training phase.

IV. CONNECTIVITY MAXIMIZATION
For the optimal use of a training-based large-scale antenna
system with dirty-RFs for massive connectivity, non-orthogonal
pilots need to be employed so that the connectivity does not suffer from the limited number of orthogonal pilots. In addition,
the system parameters, such as the number of dedicated training
symbols L and the number of simultaneously served users K,
need to be selected carefully. Because the connectivity is proportional to the average sum rate, we attempt to maximize the
average sum rate.6 The optimization problem for average sum
rate maximization can be formulated as follows.

(P1) max


(L,K)

1−

L
N

K

log2 (1 + γk ), subject to

(15)

if orthogonal pilots,
if non-orthogonal pilots.

(16)

k=1

1 ≤ K = L < N,
L < K, 1 ≤ L < N,

In the sequel, the channel-inversion power control is assumed,
dt
i.e., ptr
j βj = pj βj = p for ∀j, where p is the target received signal power so that all of users have the same quality of received
SINR, which is given at the bottom of the next page.
A. Closed-Form Optimal Solution
Theorem 2: For given values of the number of BS antennas
M and the target received signal power p, the optimal system
parameters to maximize the connectivity are
⎧
⎨

N −ϕ
(L , K  ) =
(3ϕ − N ) C
⎩
(τ  , τ ) ,
ϕ ,

!
,

N θN
,
,
3 3
otherwise.
(18)

if ∃ϕ ∈

6 Typically, MTC or IoT devices require a low minimum rate with no latency
constraint. Thus, the best way to serve these devices is to maximize the average
sum rate and schedule them in a best-effort manner. Connectivity maximization
with a latency constraint is outside the scope of this paper and will be considered
in future study.
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Table 2. Results of Theorem 3 for orthogonal pilots.
" N # " N #
,
(L , K  )
2 , 2
1
1
0 ≤ α < 1/2
User rate
2 log2 1 + δ 2
(L , K  )
(μ
 , μ)



μ(1−ρ)2 P 2
μ
α = 1/2
User rate
1− N
log2 1 + 1+μδ
2 (1−ρ)2 P 2
"
#
"
#
2N
(L , K  )
, 2N
3
3
2 2
2N
1−2α
α > 1/2
User rate
9 log 2 (1 − ρ) P M

Here, τ is the unique positive root of fA,B,C (x) = 0 and ϕ is
the unique positive root of gA,B (x) = 0, where


Ax
fA,B,C (x) = (N − 2x) log 1 +
2
Bx + (Cx + 1)
−

(N − x) (Cx − 1) (Cx + 1)

Ax
Bx + (Cx + 1)

2

(A + B) x + (Cx + 1)

2

,

(19)
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Frame size: As N increases, then θ approaches 1, which implies that using only orthogonal pilots is sufﬁcient. However,
since N is limited due to the ﬁnite channel coherence time,
employing non-orthogonal pilots is preferred in practice.
• Target received signal power: As p increases, then θ approaches 1, which implies that to use orthogonal pilots only
is sufﬁcient. However, since p is limited due to the limited
transmit power, employing non-orthogonal pilots is beneﬁcial in practice.
It is worth noting that the condition ∃ϕ ∈ (N/3, θN /3) is
equivalent to gA,B (θN/3) > 0 because
•

and



gA,B (x) = log 1 +
−

A(3x − N )



2

4x + B(3x − N )

A(3x − N )

2

2

4 (N − x)
2

4x + B(3x − N ) 4x + (A + B) (3x − N )

2,

(20)
with
2

A = (1 − ρ) (M + 1) p2 ,




B = (1 − ρ) M δ 2 − 1 (1 − ρ) + ρ 1 + δ 2 p2 ,


C = 1 + δ 2 p,
and

N +
3


2
(1 + δ 2 ) p2 N 2 + 10 (1 + δ 2 ) pN + 1 − 1

1
+
. (21)
2
2 (1 + δ 2 ) pN
Proof: See Appendix C.
2
Theorem 2 provides a simple close-form solution for optimal
system parameters. For example, let M = 128, N = 100, δ =
ρ = 0.1. From the deﬁnitions of A, B, C, and θ, we have A =
10, 449, B = 10.1, C = 31.77, and θ = 1.002. After some
computations, we obtain ϕ ≈ 33.4066 which is not included in
(33.33, 33.40), which means that the use of orthogonal pilots is
optimal. And we obtain τ = 32.17 so that the optimal training
overhead and users are 32. As shown in the example, Theorem 2
provides a simple criterion to determine whether it is beneﬁcial
to use non-orthogonal pilots or not according to the hardware
impairment and other parameters. However, it is hard to gain an
intuitive insignt due to the complicated equations gA,B(x) and
fA,B,C (x). So, we present three interesting asymoptotic results
of this theorem as follows:
• Hardware impairment: As δ increases, then θ approaches 1,
which implies that to use orthogonal pilots only is sufﬁcient
when users have extremely low-quality RFs. On the other
hand, as ρ increases up to 1 (i.e., the
 SQNR decreases), ϕ
approaches N/2 so that if 1 + δ 2 pN ≤ 1, using nonorthogonal pilots is beneﬁcial and if not, orthogonal pilots are
sufﬁcient. Thus, employing non-orthogonal pilots is better in
general but can be useless under extremely high transmitter
hardware impairment.
θ=

gA,B

γk = 

((1 − ρ) (L − K)

+



3A2
4 (N + ) + 3B2
4 (2N − )
3A2
−
2
4 (N + ) + 3B 4 (N + ) + 3 (A + B) 2
3Aε2
+ o(2 ) < 0
=−
4N

= log 1 +

for an arbitrarily small positive value of . So, we can easily
determine whether to use non-orthogonal pilots by checking the
sign of gA,B (θN/3) without having to compute the real roots of
gA,B (x) = 0.
B. Asymptotic Analysis
Note that the average user rate is saturated, even for the case
of using inﬁnitely high transmit power due to the hardware impairment and the required target received signal power for a
given available rate can be reduced in general as the number
of BS antennas increases. Thus, the natural inclination is to investigate how the transmit power can be saved as the number of
BS antennas increases. In order to show the power saving effect,
we construct the relationship between the target received signal
power and the number of BS antennas as follows: p = P/M α ,
where α ≥ 0 and P is a given positive value. Under this power
saving model, the taret received signal power is constant when
α = 0 or is inversely-proportional to the number of BS antennas. The following theorem shows the results of this power saving model.
Theorem 3: Suppose that the target received signal power is
set to p = P/M α for a given value of P . As M → ∞, the optimal system parameters to maximize connectivity are as given in
Tables I and II, where

(1 − ρ)2 L (M + 1) p2

+ (1 + δ 2 ) K)p + 1 ((1 + δ 2 ) Kp + 1) + (1 − ρ) L ((M δ 2 − 1) (1 − ρ) + ρ (1 + δ 2 )) p2

(17)
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μ is the unique positive root of the function
f(1−ρ)2 P 2 ,δ2 (1−ρ)2 P 2 ,0 (x) = 0,
• χ
∈ (N/3, ∞) is the unique root of the function
g(1−ρ)2 P 2 ,δ2 (1−ρ)2 P 2 (x) = 0, and
•
is the unique positive
 root of
 the function h(x) =
(1 + x) log (1 + x) − 2x 1 − δ 2 x = 0.
Proof: See Appendix D.
2
Remark 3: (Optimal frame conﬁguration and connectivity)
When only orthogonal pilots are allowed:
• If the power saving is loose (0 ≤ α < 1/2), the optimal frame
conﬁguration is to allocate N/2 symbols to the training phase
and to serve N/2 users simultaneously. In this case, the connectivity is saturated at Θ(1) and becomes independent of the
receive hardware impairment because loose power saving can
compensate for the effects of receiver hardware impairment
with the cost of more power consumption.
• If the power saving is strict (α > 1/2), the optimal frame conﬁguration is to allocate 2N/3 symbols to the training phase
and to serve 2N/3 users simultaneously. In this case, the connectivity diminishes along with Θ(M 1−2α ) (i.e., such strict
power saving cannot be actually achieved).
• If the power saving is moderate (α = 1/2), the optimal frame
conﬁguration is to allocate μ symbols to the training phase
and to serve μ users simultaneously for N/2 ≤ μ ≤ 2N/3.
In this case, the connectivity is saturated and depends on both
the transmitter hardware impairment and the receiver hardware impairment.
Clearly, when only orthogonal pilots are allowed, the connectivity is limited by the number of orthogonal pilots. However,
the use of non-orthogonal pilots can break this constraint, as described in the following.
• If the power saving is loose (0 ≤ α < 1/2), the optimal
training length is N/3√but the optimal number of users served
simultaneously
is Θ( M ). In this case, the connectivity be√
comes Θ( M ) and depends on both the transmitter hardware
impairment and the receiver hardware impairment.
• If the power saving is moderate or strict (α ≥ 1/2), the optimal training length is N/2 but the optimal number of users
served simultaneously is Θ(M α ). In this case, the connectivity becomes Θ(M 1−α ), which indicates that stricter power
saving (or higher α) can be realized with a meaningful tradeoff. Note that the total energy consumption of the whole network becomes independent of M .
Thus, we can conclude that the use of non-orthogonal pilots
+
can increase the connectivity from Θ(1) to Θ(M 1/2−(α−1/2) )
while keeping the total energy consumption constant.
Note
√
that when allowing non-orthogoanl pilots at least Θ( M ) users
can be simultantenously served to achieve maximum connectivity.
Remark 4 (Asymptotic optimality of MRC receiver) The simple MRC receiver scheme is widely considered as typical reception scheme for an large-scale antenna system due to its lowcomplexity. Since the MRC receiver can be asymptotically optimal when the number of BS antennas is far larger than the
number of users served simultaneously (i.e., M  K), our analysis reveals that the MRC receiver is asymptotically optimal for
meaningful situations (i.e., 0 ≤ α < 1, where the sum rate is
not diminished).
•
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Table 3. Results of Theorem 3 for non-orthogonal pilots.
!
" N # 1−ρ  −1 −δ2
,
(L , K  )
N
M
2
3
1+δ
3
0 ≤ α < 1/2
2
User Rate

$ 3 log2 (1 + ) √ %
N −χ
(L , K  )
,
χ , (1+δ12 )P (3χ−N
) M




α = 1/2
(3χ−N )2
χ
1 − N log2 1 + 4χ+δ2 (1−ρ)
User Rate
2 2
2
P (3χ−N
)
!
" N # √2(1+δ2 )(1−ρ)P 2 +1−1 α
,
(L , K  )
M
2 ,
2(1+δ 2 )P
α > 1/2
2 2
(1−ρ) P
N
√
User Rate 2 log
M 1−2α
2
2
2
2
2
(1+δ )(1−ρ)P +1+

2(1+δ )(1−ρ)P +1

V. ENERGY EFFICIENCY MAXIMIZATION
The energy efﬁciency is another important metric for both
MTC and IoT devices. The energy efﬁciency (bits/Joule) is deK
K
ﬁend as k=1 Rk / k=1 Ek , where Rk = (1−L/N ) log2 (1+
γk ) denotes the user rate shown in Theorem 1 and (17) and
L
L
(1 + δ 2 )ptr
)(1 + δ 2 )pdt
k + (1 −
k
N
N
2
= (1 + δ )p/βk

Ek =

denotes the energy consumed by user k in transmitting one symdt
bol. Recall that p = ptr
k βk = pk βk is the target received signal
power. In this paper, we ignore a circuit energy consumption
because the consumed circuit energy is independent to the optimization parameters L, K, and p. However, when users are
equipped with multiple antennas, an appropriate circuit energy
model should be further taken into account, which is out of
scope of this paper and a future work.
Similarly as in the connectivity maximization problem (P1),
the energy efﬁciency optimization problem can be formulated as

(P2) max

(L,K),p



1−

L
N

K


K

k=1

k=1

log2 (1 + γk )
, subject to

(22)

if orthogonal pilots,
if non-orthogonal pilots.

(23)

(1 + δ 2 ) pβk−1

1 ≤ K ≤ L < N,
L < K, 1 ≤ L < N,

In contrast to the connectivity maximization problem (P1), the
energy efﬁciency optimization problem requires additional joint
optimization of the target received signal power p and it allows
K ≤ L when orthogonal pilots are used. To solve P2, it is
decomposed into the two sub-problems: one is solving P2 at a
given value of p (P2 ) and the other is solving P2 at a given values of (L, K) (P2 ). Then, near-optimal values of both (L, K)
and p can be obtained by solving the two sub-problems iteratively as follows.
First, suppose that value of p is given. Because energy efﬁciency decreases monotonically as K increases, we can easily
prove that K  = 1 to maximize the energy efﬁciency while minimizing the connectivity, which implies that the use of a singleuser transmission (i.e., only orthogonal pilots) is sufﬁcient from
the perspective of the energy efﬁciency.7 Then, the energy efﬁ7 Here, we show that single-user transmission is optimal in the energy efﬁciency sense. When the computational power of BS is taken into account, we
conclude that this result is still valid. To capture the difference of the compu-
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ciency optimization problem for a given value of p can be simpliﬁed as

1≤L≤N

1−

L
N

log 1 +

AL
E + FL

80

(P2 ) max p−1 log(1 + γk (p)),
p>0

where γk (p) = γk is given in (18). Let p be the solution of
(P2 ) for given values of (L, K). To ﬁnd p , we use the fact
d −1
that dp
p log(1 + γk (p))|p=p = 0, and obtain the following
relation:
p γk (p ) = (1 + γk (p )) log (1 + γk (p )) ,

20

d

dp γk (p)|p=p .



p ≈ ((1 − ρ) M + ρ) 1 + δ


2

L+



1+δ


2

K

10
101

102

103

104

# of BS antennas, M

(a)
200
180
160

Orthogonal pilot simulation
Orthogonal pilot, analysis
Non-orthogonal pilot, simulation
Nonorthogonal pilot, analysis

Non-orthogonal pilots

140
120
100
80

ρ=0 (b=∞), δ=0

Orthogonal pilots

60

ρ=0.1175 (b=2), δ=0.1

40
20
0
101

102
# of BS antennas, M

103

(25)

where
=
Then, the near-optimal solution
of (P2) can be obtained by solving (25) and (26) iteratively.
Remark 5 (Optimal value of p) Since the energy efﬁciency
is generally maximized at a small value of p and a very small
value of γk in general, we approximate log (1 + γk (p )) ≈
γk (p ) so that we can obtain an approximated version of p
as


L = K 
N/3 = 33.3
L

(N − L ) AE
.
=
(E + F L ) (E + (A + F ) L )
(24)

Note that the near-optimal training length to maximize the energy efﬁciency becomes L = N/2 for p  1 and L = 1 for
p  1.
Now, we consider the energy efﬁciency maximization problem (P2 ) at given values of (L, K) which is not necessarily
optimal and can be simpliﬁed as

Non-orthogonal pilots
Orthogonal pilots

K

N/2 = 50

|L=L = 0 and we obtain the following relation

AL
log 1 +
E + F L

γk (p )

60

40

Sum rate (bits), R sum

1+

Orthogonal pilot, simulation
Orthogonal pilot, analysis
Non-orthogonal pilot, simulation
Non-orthogonal pilot, analysis

,




where E = (C + 1) δ 2 − ρ p + 1 and F = B +


d
L

1
−
log
p
(C
+
1).
To
ﬁnd
L
,
we
use
the
fact
(1
−
ρ)
dL
N


AL
E+F L

100

L , or K 

(P2 ) max
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2 −1/2

,
(26)
which is an increasing function of ρ but is a decreasing function
of δ. Thus, higher value of p is preferred when lower resolution
ADCs are employed, and a lower value of p is preferred when
less accurate transmit RF is utilized in order to improve the energy efﬁciency. Furthermore, for given values of (L, K), the
near-optimal target received
signal power is given asymp√
totically as p = Θ(1/ M ) from the perspective of energy
efﬁciency maximization.

tation power (also the computational complexity) between the orthogonal pilot
scheme and the non-orthogonal pilot scheme, we need to consider the MMSE
channel estimation step. To compute the MMSE channel estimator, the pseudoinverse operation is required and its computational complexity depends only on
the size of the wireless channel matrix. As a result, we can obtain the computational complexity of O(K t ) per a user for some small t > 0. It implies the
computation power for the non-orthogonal pilot scheme is larger than that for
non-orthogonal pilot scheme.

(b)
Fig. 2. Optimal system parameters and corresponding sum rate as a function of
M : (a) Optimal system parameters with ρ = 0.1175(b = 2), δ = 0.1, and
p = 10 and (b) sum rate.

VI. SIMULATION RESULTS
Fig. 2 depicts both the optimal system parameters and the corresponding sum rate as functions of M when N = 100, b = 2
(ρ = 0.1175), δ = 0.1, and p = 10 dB. The analytical results are
obtained from Theorems 1 and 2, which are shown to be nearly
the same as those obtained from simulations for a wide range
of M . From the results, it is shown that using only orthogonal
pilots is sufﬁcient for a not-so-large value of M (M ≤ 128) but
the use of non-orthogonal pilots becomes critical and provides
a non-negligible gain as M increases (M ≥ 256). For example, the optimal frame conﬁguration of using only orthogonal
pilots is (L , K  ) = (42, 42) and Rsum = 99.27 at M = 1024,
but the optimal frame conﬁguration when non-orthogonal pilots are employed is (L , K  ) = (33, 85) at M = 1024 and
Rsum = 122.7 so that the use of non-orthogonal pilots can provide 23.6% higher connectivity. In addition, such an improvement in the connectivity becomes more signiﬁcant as M increases further as shown in Fig. 2(b), which conﬁrms the asymptotic analysis. Note that about hundreds of bits are too high value
to be achieved in a real-network. In fact, such a large bits can
be achieved by the use of extremely many BS antennas, which
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Fig. 4. Optimal energy efﬁciency and corresponding system parameters with
M = 1024 and the initial value of p at 0.0001: (a) Optimal system parameters and (b) energy efﬁciency.

(b)
Fig. 3. Sum rate with matched/mismatched optimization as a function of ρ or δ
with M = 1024 and p = 10 dB: (a) Receiver hardware impairment (ρ) and
(b) transmitter hardware impairment (δ).

may be impractically large in the common sense of network
deployments. Consequently, the use of non-orthogonal pilots
can dramatically increase the connectivity in an large-scale antenna system, even one with dirty-RFs at both transmitter and
receiver. Additionally, we can observe the trend that L converges to N/2 = 50 for the case of using orthogonal pilots
only or L converges to N/3 = 33 when non-orthogonal pilots are employed as the value of M becomes large, which is
consistent with the asymptotic analysis.
Fig. 3 shows the effects of the hardware impairment ρ and δ
on the optimal system parameters when M = 1024 and p = 10
dB. Here, the term ’matched’ denotes the use of optimized values of (L , K  ) for the particular hardware impairment, and
the term ’mismatched’ denotes the use of optimized values of
(L , K  ) without considering the hardware impairment (i.e., assuming that ρ = δ = 0). From Fig. 3, it is shown that the sum
rate achieved by both allowing non-orthogonal pilots and using
the matched optimization increase by 25.2% at (ρ, δ) = (0, 0),
15.5% at (ρ, δ) = (0.2, 0), 43.0% at (ρ, δ) = (0, 0.2) or 9.8%
at (ρ, δ) = (0.2, 0.2) over those achieved when using only orthogonal pilots with mismatched optimization, respectively. In
fact, the matched optimization improvement is negligible when

only orthogonal pilots are allowed. However, it becomes more
signiﬁcant as non-orthogonal pilots are allowed for better connectivity. Note that the use of non-orthogonal pilots without also
using matched optimization can become unfavorable to the use
of only orthogonal pilots at high values of ρ (e.g., ρ > 0.3 in
Fig. 3(a)). Thus, we conclude properly estimating the hardware
impairment with matched optimization is important for massive
connectivity.
Fig. 4 shows both the optimal energy efﬁciency and the corresponding optimal system parameters according to the numbers
of iterations starting with an initial value of p at 0.0001 when
M = 1024. Clearly, the iterative solution in Section IV provides a near-optimal energy efﬁciency after only a few iterations
for wide range of ρ and δ. In addition, as discussed in Remark
4, simulation results conﬁrm that a higher ρ value results in a
higher value of p , but a higher δ value results in a lower value
of p . In addition, it is shown that the optimal training length
is nearly N/3 = 33 in the presence of the transmitter hardware
impairment, which is also consistent with the asymptotic analysis.
Finally, Fig. 5 shows the connectivity-energy efﬁciency tradeoff (achievable region) when M = 1024. The line for the connectivity maximization is obtained by solving (P1) for different values of p and the line for the energy efﬁciency point is
obtained by solving (P2 ) for different values of p. The line
marked out with (+) symbols between the two points is the op-
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√
signal power was given asymptotically as p = Θ(1/ M ) in the
perspective of energy efﬁciency maximization. Moreover, simulation results conﬁrmed the analysis and showed the importance
of not only employing non-orthogonal pilots but also of using a
matched optimization of system parameters by considering the
hardware impairment from the signiﬁcantly improved achievable region of the connectivity and the energy efﬁciency, which
can be considered as a cornerstone for achieving massive connectivity in the forthcoming 5G cellular systems.

150
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Connectivity maximization with orthogonal pilot
Energy efficiency maximization

Connectivity (bps/Hz)
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APPENDIX A
DERIVATION OF Cagg,n

Energy efficiency
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Energy efficiency (bps/J)
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For simplicity, drop the index n. Inserting (3) into (4), we
have

Fig. 5. Connectivity-energy efﬁciency trade-off (achievable region) with M =
1024.

timal tradeoff curve between the connectivity and the energy efﬁciency, which is obtained by solving the following problem
using an exhaustive search
max EE, subject to RΣ ≥ const.

(L,K),p

Fig. 5 shows that the use of non-orthogonal pilots can enlarge
the optimal connectivity-energy efﬁciency tradeoff and that the
gain achieved by using non-orthogonal pilots as well as the
matched optimization by considering hardware impairment is
signiﬁcant over a wide range of energy efﬁciency (in the lowto-mid energy efﬁciency region). The results demonstrate that
the use of non-orthogonal pilots in a training-based large-scale
antenna system with the matched optimization can provide not
only high connectivity but also high energy efﬁciency in general,
even when dirty-RFs are used.
VII. CONCLUDING REMARK
In this paper, the connectivity in an uplink training-based
large-scale antenna system employing non-orthogonal pilots and
dirty-RFs was derived on both transmitter and receiver sides.
An accurate and simple approximation of the average user rate
was derived when an MMSE channel estimator and an MRC
receiver were both employed, which reveals the effects of the
hardware impairment on the effective SINR. Based on this result, the connectivity maximization problem was considered by
appropriately selecting system parameters such as the training
length and the number of users served simultaneously at a given
target received signal power, and its closed-form optimal solution was provided. The optimal solution showed that using nonorthogonal pilots is beneﬁcial for massive connectivity in general and becomes more critical as dirtier-RFs are used at the BS,
the coherence time becomes shorter, or stricter power saving is
applied. In order to obtain more intuitive insights, an asymptotic
analysis with power saving, p = Θ(M −α ), was provided and it
revealed that the use of non-orthogonal pilots can increase the
+
connectivity from Θ(1) to Θ(M 1/2−(α−1/2) ) while keeping
the total energy consumption constant. In addition, the energy
efﬁciency was also investigated and the optimal target received

ρ=

E |ρ[y]m − [vrx ]m |
E |[y]m |

2

2

= ρ2 +

E |[vrx ]m |
E |[y]m |

2

2

,

(27)

where the last equality comes from the assumption that y and
vrx are independent. Also, inserting (3) into E|[y]m |2 yields
2
2
H Υ
E|[y]m |2 = E|[G]H
m (x + Δ)| = (1 + δ )E[[G] P [G]m ],
(28)
where [G]m denotes the mth row of G and the last equality
comes from the fact E[xxH ] = PΥ and E[ΔΔH ] = δ 2 PΥ .
Inserting (28) into (27), we have
Υ
E|[vrx ]m |2 = (1 − ρ)ρ(1 + δ 2 )E[[G]H
m P [G]m ],

from which we can derive Cagg .
APPENDIX B
PROOF OF THEOREM 1
Proof: Using Lemma 1 in [16], the average user rate can
be approximated as Rk ≈ (1 − L/N )log2 (1 + γk ), where
γk =

pdt
k βk Ξkk
,
K
 H Cdt h

 dt
2 
E[ h
agg,n k ]
k
2
dt
pi βi Ξki + σch Ehk 
pj β j +
(1−ρ)2
j=1

i=k

(29)
&

'
2

with Ξki = E |hH
k hi | . Using Lemma 3 in [16] and Lemma 1,
2
)M and
we obtain Ehk 2 = (1 − σch
( 

2 2
1 − σch
M,
if i = k,


(30)
Ξki =
2 2
1 − σch
M (M + 1), if i = k.
&
'
dt
The remaining step is to ﬁnd E hH
C
h
agg,n k which can be
k
written as
'
&
dt
E hH
k Cagg,n hk =

⎞
⎛ 
K



2
2
pdt
⎜ 1 + ρ + δ 2 σch
j βj E||hk || + ⎟
⎟
⎜
j=1
⎟
⎜
&
'
(1 − ρ) ⎜
⎟,
⎟
⎜ (1 − ρ) δ 2 E hH
k Φh k +
⎠
⎝ 
&
'

2
H
ρ 1 + δ E h k Φh k

(31)
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where the two expectations are obtained by applying Lemma 3
in [16], given as
'

&

2



2
E hH
k Φhk = 1 − σch

'

&



2
E hH
k Φhk = 1 − σch

2

⎛

K

M⎝
⎛

⎞
dt
⎠ , (32)
pdt
j β j + M pk β k

j=1
K

M⎝

⎞
dt
⎠.
pdt
j β j + pk β k

(33)

j=1

2

Inserting (30)–(33) into (29) completes the proof.

APPENDIX C
PROOF OF THEOREM 2

In order to ﬁnd the optimal values of (L, K), we ﬁrst make
a relaxation by replacing the integers (L, K) with real numbers (λ, κ), where 1 ≤ λ ≤ N and κ > λ. Since ν(λ, κ)
is unimodal,
at the+ point (λ , κ ) such that
+ it is maximized
∂
∂
+
+
∂λ ν(λ, κ) λ=λ = 0 and ∂κ ν(λ, κ) κ=κ = 0. Thus, we have
log 1+

1


log 1+

Aλ
(Cκ +1)2

+ (CκBλ
 +1)2



1

Aλ
(Cκ +1)2

+ (CκBλ
 +1)2



A(N −λ )
(Cκ +1)2

=
1+

Bλ
(Cκ +1)2

Proof: The proof can be done similarly as in the proof of
Theorem 2. As M → ∞, we insert p = P/M α into (14) and
M →∞
. Then, the
derive the asymptotic sum rate denoted by Rsum
optimal number of simultaneously served users is set to K =
cM t + o(M t ) for some value of c > 0 and is inserted into in
M →∞
Rsum
. The ﬁnal step is ﬁnding t and then L and c by
∂
∂
M →∞
M →∞
equating ∂L
Rsum
|L=L = 0 and ∂c
Rsum
|c=c = 0.
Suppose that non-orthogonal pilots are employed. By inserting p = P/M α into (14) and letting M → ∞, we obtain
⎛
⎞
1
L
M →∞
⎠,
Rsum
= 1−
Klog2 ⎝1 + ((1+δ2 )P KM −α +1)2
N
2
+
δ
2
L(1−ρ) P 2 M 1−2α

Proof: Suppose that non-orthogonal pilots are employed,
i.e., K is greater than L. From Theorem 1, the average sum rate
can be written as


L
AL
ν(L, K) = 1 −
.
Klog2 1 +
2
N
BL + (CK + 1)
(34)
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1+

(A+B)λ
(Cκ +1)2

,

(38)
which can be dealt according to α as follows.
1) 0 ≤ α < 1/2: In this case, (38) is maximized at K =
cM 1/2 + o(M 1/2 ) for some value of c > 0. Inserting K =
cM 1/2 into (38) by ignoring the non-dominant term o(M 1/2 )
provides
⎛
⎞
√
1
L
M →∞
⎠.
Rsum = 1 −
c M log2 ⎝1 + (1+δ2 )2 c2
N
2
2 + δ
L(1−ρ)

(39)
2) α = 1/2: Similarly as in the above case, (38) is maximized
at K = cM 1/2 + o(M 1/2 ) for some value of c > 0. Inserting
K = cM 1/2 into (38) provides
⎛
⎞
√
1
L
M →∞
⎠.
Rsum
= 1−
c M log2 ⎝1 + ((1+δ2 )P c+1)2
N
2
+
δ
2 2
L(1−ρ) P

(40)

(35)







2ACλ κ
(Cκ +1)3

=
1+

Bλ
(Cκ +1)2



1+

.


(A+B)λ
(Cκ +1)2

(36)
From (35) and (36), we arrive at (N − 3λ ) Cκ +N −λ = 0,
which reveals that λ > N/3 (and if not, the left hand side is
strictly greater than 0) so that
κ =

N − λ
.
(3λ − N ) C

(37)

The non-orthogonal pilots become optimal if and only if κ >
λ or equivalently λ < θN/3. Inserting (37) into (35), we
obtain the relation gA,B (λ ) = 0. Suppose that there exists ϕ ∈
(N/3, θN/3) such that gA,B (ϕ) = 0. Then, the use of nonorthogonal pilots is required and the optimal system parameters
N −ϕ
are given as (L , K  ) = (ϕ, (3ϕ−N
)C ).
Now, suppose that only orthogonal pilots are allowed, i.e.,
K = L. Similar to those above, the system parameters are
obtained by inserting λ = κ into (35), which completes the
proof.
2

3) α > 1/2: In this case, (38) is maximized at K = cM α +
o(M α ) for some value of c > 0. Inserting K = cM α into (38)
provides


2 2
1−2α
P
M
L
L(1
−
ρ)
M →∞
Rsum
= 1−
cM α log2 1 +
2
N
((1 + δ 2 ) P c + 1)
=

1−

L
N

2

L(1 − ρ) P 2 M 1−α
((1 +

δ2 ) P c

c
.
log
2
+ 1)
2

(41)

Since each of (39)–(41) is in a form similar to that of (34), L
and c can be obtained similar to the way they were obtained in
the proof of Theorem 2. Their values are determined after some
mathematical manipulations and presented in Tables I and II. 2
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