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Abstract—In this paper, we propose and analyze concatenated
coding schemes for direct-sequence code-division multiple-access
(DS/CDMA) systems in asynchronous channels. In the concatenated coding, bandwidth-efficient 22L 02 -state L/(L+1)-rate 2MTCM with biorthogonal signal constellation is used for the
inner code, and (2L 01, d(2L 01)/L/2e) RS code is used for the
outer code.
It is shown that we can get considerable performance gain
over the uncoded system without sacrificing the data transmission
rate. The proposed system can be used as a coding scheme for
reliable and high-speed integrated information services of mobile
communication systems.
Index Terms— Concatenated code, direct-sequence codedivision multiple access, trellis-coded modulation.

I. INTRODUCTION

R

ECENTLY, the design and analysis of direct-sequence
code-division multiple-access (DS/CDMA) systems has
become one of the most highlighted research areas because
of its highly useful applications to mobile communication.
Although the capacities of CDMA systems are higher than
those of others [1], [2], some additional techniques are required to meet the explosively increasing demand for mobile
communication. In addition, transmitted data in the near future
will be composed not only of voice data, but also of images
and integrated information. Thus, faster and more reliable
communication techniques are desired.
In order to get more reliable communication systems, various coding schemes have been widely considered. Among
these coding schemes, convolutional codes have been frequently used for DS/CDMA systems. For voice communications, the required bit error rate (BER) is about 10 ,
which can be achieved with convolutional codes with moderate
values of constraint length. In mobile data communication systems, however, the required BER is in the range of 10 –10 .
Thus, convolutional codes with a very long constraint length
are necessary to meet the required BER, and the complexity of
the decoder accordingly grows so high that the implementation
of the decoder becomes impractical. In addition, the bandwidth
Manuscript received March 15, 1998; revised November 20, 1998. This
work was supported by the Hallym Academy of Science, Hallym University,
Korea, under a 1998 grant.
K. S. Kim, S. C. Kim, and I. Song are with the Department of Electrical
Engineering, Korea Advanced Institute of Science and Technology, Daejeon,
Korea.
S. Y. Kim is with the Department of Electronics Engineering, Hallym
University, Chuncheon, Kangwon Do, Korea.
Publisher Item Identifier S 0018-9545(99)05735-7.

efficiency of the coded DS/CDMA systems becomes very poor
because of the low code rate.
In order to achieve large coding gain and good bandwidth
efficiency with practically acceptable complexity, concatenated coding schemes have been studied in [3]–[7]. It has
been shown that concatenated coding can not only achieve
considerable coding gain over uncoded systems without bandwidth expansion but also resist both random and burst errors.
It can be implemented with bandwidth-efficient trellis-coded
modulation (TCM) schemes as the inner code and burst error
resistant Reed–Solomon (RS) codes as the outer code.
In wireless DS/CDMA systems, the amplitude of a received
signal is severely distorted because of fading. Thus, such
signal constellations based on the amplitude of a signal as
the quadrature amplitude modulation are not suitable. Among
the constant amplitude signal constellations, phase shift keying
(PSK) signal constellations are widely used. In DS/CDMA
systems, however, the existence of interuser interference severely degrades the performance of the inner TCM using
PSK signal constellations even when the signal-to-noise ratio
(SNR) is very high, which becomes more severe as the code
rate of the inner TCM increases: this is due to the reduced
Euclidean distance between the signal points in the PSK signal
constellation. In [8]–[11], TCM in DS/CDMA systems using
biorthogonal signal constellations was investigated. In this
system, the Euclidean distance is not reduced when the code
rate increases if we allow as many signature sequences as
the number of the signal points of the signal constellation of
the trellis code, since the signal points are biorthogonal. The
cost for the increased code rate is the increased number of
signature sequences used for each user.
In this paper, we propose concatenated coding schemes
in DS/CDMA systems using bandwidth-efficient twomultidimensional TCM (MTCM) with biorthogonal signal
constellations as the inner code and the burst error resistant
RS code as the outer code. The performance of the system
is investigated and some properties of the proposed system
are described.

II. SYSTEM MODEL
To use concatenated coding in a DS/CDMA system, we first
select its inner and outer codes. For the inner code, TCM is
widely used because of its bandwidth efficiency. For the outer
code, RS code can be used to combat the burst errors which
may have occurred in the inner code decoding.
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(a)

Fig. 2. The 64-ary biorthogonal constellation.

(b)
Fig. 1. Relation between the symbols of the outer code and the error patterns
of the inner code: (a) the symbols of the outer code are not matched to the
error patterns of the inner code and (b) the symbols of the outer code are
matched to the error patterns of the inner code.

To maximize the performance of the concatenated coding
system, the symbol size of the outer code should be matched
with the error pattern of the inner code. Otherwise, the same
errors occurred in the inner code can cause more outer code
errors (see Fig. 1). The byte-oriented nature of the MTCM
can be used to match the outer code symbol size with the
error pattern of the inner code [3], [12].
To implement the multidimensionality of MTCM, time
division is frequently used. In DS/CDMA systems, nearly
orthogonal signature sequences can instead be used. A
ary biorthogonal constellation can be constructed by assigning
time slots and
signature sequences to each user. If
is too small, the number of signature sequences required for
a user increases, which results in capacity restriction of the
is too large, the bandwidth
system. On the contrary, if
required for the system increases, which can also restrict
the performance of the system. In this paper, we consider a
-ary biorthogonal modulation scheme with two time
signature sequences for each time slot.
slots and
-state
-rate 2-MTCM be used for the inner
Let
-ary signal constellation is required. Since
code. Then, the
the number of time slots is two, we can implement this scheme
-ary) (
-ary) signal constellation if
with a (
is an odd number. If is an even number, we can select
signal points from a (
-ary) (
-ary) signal
constellation as follows: let the signature sequence set for a
user be divided into two groups. When we transmit a signal,
we can choose a signature sequence set only from the first
(second) group in the second time slot if we have chosen a
signature sequence set in the first (second) group in the first
time slot.
, where
is the largest integer not exceedLet
-ary biorthogonal signal constellation
ing . Then, the
can be constructed by assigning sets of signature sequences to
each user which satisfy:
• signature sequences in a set satisfy the distance properties
of a biorthogonal signal constellation;
• signature sequences in different sets are orthogonal.

Fig. 3. A block diagram of the proposed system.

A construction method of such signature sequences are
discussed in [8]: this method, however, is not useful in
asynchronous system. In this case, we can implement the
nearly orthogonal
biorthogonal constellation by assigning
pseudonoise (PN) sequences to each user. An example of the
64-ary biorthogonal constellation is shown in Fig. 2.
RS code be used for the outer code. To
Let the
maximize the performance of the concatenated coding system,
the matching between the outer code symbols with the error
patterns of the inner code mentioned earlier is required. In
this case
(1)
and since we use two time slots for a symbol, the effective
code rate for the overall concatenated coding system is
(2)
outer
The concatenated coding scheme with the
-state
-rate 2-MTCM inner code
RS code and
in DS/CDMA systems considered in this paper is shown in
Fig. 3.
III. CONCATENATED CODED DS/CDMA SYSTEM
To design a concatenated coded DS/CDMA system, we
should determine some parameters ( and for the outer RS
code and and for the inner TCM). In some cases, we may
want to transmit the information at least as fast as the uncoded
system. In other words, the effective code rate should be equal
,
to or greater than one. If we select the effective code rate

KIM et al.: DESIGN AND ANALYSIS OF CONCATENATED CODED DS/CDMA SYSTEMS

the parameter

1423

can be obtained as
(3)

is the smallest integer not less than . If the exact
where
value of the effective code rate is not of our interest but is
, can be chosen to minimize the
only required that
RS decoding error probability as
(4)
From (1) and (3) [or (4)], we can determine and of the
outer RS code from the value of . Then, we are to choose
and of the inner TCM.
only two parameters,
-ary biorthogonal signal
Now, let us consider the
constellation. We assume that the orthogonality among the
signature sequences is perfect for simplicity. Then, the number
for antipodal signals and
for
of different chips is
is the length of a signature
orthogonal signals, where
sequence. Let be the desired signal point, be an arbitrary
signal point, and
(5)
between and ,
be the normalized Euclidean distance
is the number of different chips between and .
where
for simplicity whenever it does
(We will use instead of
not cause any confusion.) Then, the following properties hold.
Property 1: The normalized Euclidean distance between
.
signal points can have a value in
Property 2: The number of signal points whose normalized
is
Euclidean distance is
when
when
(6)

when
when
when

.

From Properties 1 and 2, we can see that only one signal
point has the maximum distance from the desired signal. That
gives us a motivation to use a TCM scheme with one uncoded
-state
bit. In this paper, we will consider the
information
rate 2-MTCM with one uncoded bit. The
bits are convolutionally encoded to select a coset and the
one uncoded bit selects a signal point in the coset. In [8],
it has been shown that there is an analogous trellis code based
on a -ary biorthogonal signal constellation for every trellis
code based on -ary PSK signal constellation such that the
free distance of the trellis code using the biorthogonal signal
constellation is at least as large as that of the trellis code
using the PSK signal constellation. Thus, we can construct a
trellis code using biorthogonal signal constellation with wellknown good trellis codes using PSK signal constellation. As an
example, the eight-state -rate two-dimensional (2-D) trellis
code is shown in Fig. 4.
be the free distance,
be the set of error events
Let
be the number of paths
whose distance is the free distance,

Fig. 4. The eight-state 3/4-rate trellis code over 16-ary biorthogonal signal
constellation.

in

, and
be the number of different branches between
and . Then, the following properties hold.
, then
,
Property 3: Let
, and
.
, then
,
, and
Property 4: Let
.
Properties 3 and 4 imply that we can improve the performance of the TCM by increasing the number of states until
, and there will be no asymptotic advantage when
.
Now, consider the complexity of the decoder of the proposed concatenated system. The complexity of the decoder of
-state
-rate TCM is proportional to
. Thus,
the
the complexity of the decoder of the concatenated system
increases. The complexity of the decoder of
increases as
RS code depends mostly on two factors: one is
the
and the other is the value of . In the
the value of
RS code, the complexity
proposed
of the decoder depends only on . Thus, the complexity of the
decoder of the concatenated system increases as increases.
Let us assume that the value of is fixed. Then, our next goal
is to find the value of which provides the best performance
of the proposed concatenated code. In other words, for a given
number of states of the inner TCM, we should determine the
in the bit error probability sense.
most efficient value of
We have shown in Properties 3 and 4 that it is wasteful to
. In addition, in most cases of trellis codes
choose
is larger than . Thus, it is reasonable to
practically used,
restrict the value of to the range of
in our consideration. It will be shown in Section IV that the
among the possible values is the most
smallest value of
efficient one in the bit error probability sense in most practical
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TABLE I
THE SYSTEM PARAMETERS OF THE PROPOSED SYSTEM

cases. Furthermore, it is also the best choice in the complexity
sense since the complexity of the decoder of the RS code
decreases as decreases. Therefore, the most efficient value
is
in both the bit error probability and
of
complexity senses, if the value of is given. Conversely, the
, when the value of
value of can be given as
is given. Since one is determined by the other, from now on,
only is taken into account. If increases, the corresponding
also increases. Thus, it is easily seen that the
value of
complexity of the proposed concatenated system increases as
increases. The system parameters of the proposed system
are summarized in Table I for easy reference.

where
is the transmitted power,
is the chip duration
is the number of different
of the signature sequence,
chips between paths and in the th time slot, the Rayleigh
is the fading process of the th user,
is
random variable
is the two-sided power spectral
the number of users, and
density of the background noise. Since we use a biorthogonal
for antipodal signals and
constellation,
for orthogonal signals. If we assume an appropriate power
, for
. Then,
control, we can set
are
the conditional expectation and variance of
(13)
and
(14)
where

and the instantaneous SNR

is

(15)

IV. PERFORMANCE ANALYSIS
The RS symbol error probability

can be written as
(7)

is the probability of selecting
when
is
where
the transmitted path. Then, the decoded RS symbol error
can be approximated as [13]
probability
(8)
and the upper bound of the bit error probability

. Note that the first term in the right-hand
where
side of (14) is due to the multiple access and the second term
is due to the background Gaussian noise. Since the interuser
interference can be approximated as a Gaussian variable by
the central limit theorem, the conditional error probability
can be obtained as

(16)
and the error probability can be obtained by averaging (16)

is
(9)

We assume that the channel is slow Rayleigh fading and
the fading process is constant over the duration of an error
event and independent of the fading processes of other users.
In the following analysis, we use the notations described in
[8]. Without loss of generality, we can assume that the first
be the decision statistic of
user is the desired user. Let
. Then, the decision
the th time slot of the first user,
statistic to be used in deciding between the paths and can
be written as
(10)
According to the results in [8], [14], we have
(11)
and

(12)

(17)
.
where
In Figs. 5–7, the bit error probability of the proposed system
is plotted in the asymptotic case
for various values of
) when
, the length
of the signature
(
sequence is 1024, and the number of users is 5, 10, and 20,
respectively. We can clearly see that the smallest value of
becomes the most efficient value as the channel becomes worse
(i.e., increases) for a fixed value of . This can be explained
as follows. For a given number of states, the performance
of the inner TCM degrades while that of the outer RS code
increases and the performance improvement
improves as
of the outer RS code can overcome the degradation in the
inner TCM only when the number of users is small and
is a good
the SNR is high. Thus, the smallest value of
choice in the bit error probability sense for most practical
situations. In addition, the smallest value of is also the best
choice in the complexity sense for fixed , as we explained
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Fig. 5. Asymptotic performance of the proposed system when the number
of users is five.

K

Fig. 7. Asymptotic performance of the proposed system when the number
of users is 20.

Fig. 6. Asymptotic performance of the proposed system when the number
of users is ten.

K

Fig. 8. The bit error probability of the proposed system for various values
of
when
= 50.

in Section III also. Therefore,
-state
-rate 2MTCM is selected for the inner code.
In Fig. 8, the upper bounds of the bit error probabilities
RS code and
-state
of the
-rate 2-MTCM with one uncoded bit are plotted for
,
, and
.
various values of when
We can see that considerable coding gain can be achieved
without sacrificing the data rate and that the coding gains over
the uncoded system and over the system using only the inner
TCM get larger as increases. The cost for the performance
gain are the increased complexity and increased number of
signature sequences for each user.

of the proposed system. The performance of the proposed
system increases without loss of data transmission rate at the
cost of increased complexity, which is expected to be easily
implemented with the progress in microelectronic technology
in the near future. Performance analysis results indicate that
the proposed system is much more reliable than the uncoded
system without sacrificing data rate and that we can achieve
bit error probability in the range of 10 –10 at SNR 5–9
. Thus, the proposed system is a good method
dB when
of data transmission with high reliability and high speed in
future DS/CDMA systems.

K

L

K

APPENDIX
V. CONCLUDING REMARK
In this paper, we proposed a concatenated coding scheme for
DS/CDMA systems using 2-MTCM with biorthogonal signal
constellation as the inner code and RS code as the outer
code. In the proposed system, we used the bandwidth-efficient
-state
-rate 2-MTCM with one uncoded bit for
RS code for the
the inner code and
outer code. We investigated the properties and performance

Proof of Property 1: Let
be the desired
be a signal point. Then
signal point and
should be in one of the following nine sets with respect to :
(18)
(19)
(20)
(21)
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(22)
(23)
(24)
(25)

of points in one dim.
of dim. in the second group
of orthogonal points in the same dim.

and

(33)
(26)

represents that and are orthogonal. Since the
where
normalized Euclidean distance between orthogonal signals is
one and that between antipodal signals is two, it is easily seen
that the normalized Euclidean distance between and is in
.
Proof of Property 2: It is clear that there exists only one
desired signal point and one antipodal signal point. First, we
assume that is an odd number. Since there are four signal
points in one dimension, the number of dimensions in one
. Thus, the number of the
time slot is
in the first time slot
signal points which is orthogonal to
can be obtained as

Then, it is also easily seen that
Card

(34)
Card

Card
(35)

Card

Card
(36)

Card
of orthogonal points
of points in one dim.
of dim.
of orthogonal points in the same dim.

Card

Card
(37)

and
Card

Card
(38)

(27)
Thus, it can be easily seen that
Card

Card
(28)

Card

Card
(29)

Card

Card
(30)

Card

Card
(31)

and
Card

Card
(32)

is the cardinality of a set . If we assume
where Card
that is an even number, it is again clear that the numbers of
points whose Euclidean distances are zero and four are both
in the
one. The number of points which is orthogonal to
first time slot is
of orthogonal points
of points in one dim.
of dim. in the first group

Thus, Property 2 holds for both odd and even values of .
Proof of Property 3: The number of states is
and the
number of transitions leaving a state is . Since there is one
parallel transition, one branch consists of two transitions. Thus,
. Let us assume
the number of branches leaving a state is
and the starting
that the states are indexed from zero to
state is the zeroth state. Since the normalized Euclidean
distance between the parallel transitions in each branch is
four, from Property 2, it is easily seen that the number of
branches, in which the normalized Euclidean distances of the
. Thus, the
two transitions are both two, is
number of this kind of branches is greater than the number
of branches leaving a state, and we can assign each transition
from the starting state to another state with the transition whose
normalized Euclidean distance is two. Similarly, we can assign
each transition from one state to the starting state with the
transition whose normalized Euclidean distance is two. Then,
it is clear that an error event consisting of more than three
branches is not a free distance error event. Therefore, the
and such error events are: 1) one
free distance is
error events which
parallel transition and 2)
consist of two branches. Since every branch consists of two
and
transitions,
.
Proof of Property 4: From Property 3, we can see that
and
when
.
The only closest error event is the parallel path, and then, we
more by increasing the number of states.
cannot increase
and
.
Therefore,
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