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Load Distribution in Heterogeneous Cellular Networks
Young Jin Sang, Student Member, IEEE, and Kwang Soon Kim, Senior Member, IEEE

Abstract—This letter provides the distributions on the association region of a small-cell BS (sBS) and that of a macrocell BS (mBS) in a two-tier heterogeneous cellular network
(HCN) as functions of the power and density ratios between
tiers. Computer simulation results confirm that the proposed
distributions are quite accurate for a wide range of network
parameters. By using the association region distributions, the
load distribution of a BS in each tier is derived. From the results,
it is shown that the load is more dispersive in tier s than in tier
m, which can be used for devising improved association, resource
allocation and load balancing schemes in an HCN.
Index Terms—Heterogeneous cellular network, association region distributions, load distributions.

I. I NTRODUCTION

D

EPLOYMENT of small-cell BSs (sBSs) along with
existing macro-cell BSs (mBSs) seems to be an attractive
solution to handle the tremendous capacity growth driven by
the smart mobile devices and an analytical framework for such
a heterogeneous cellular network (HCN) in literature greatly
improved our understanding for better use of wireless networks [1]-[5]. Assuming Poisson point process (PPP) model
for BS locations, it is shown that the distribution of the signal
to interference ratio (SIR) of each tier in an HCN is identical
to that in a single-tier network [2]. However, the number of
associated users to a BS in each tier is quite asymmetric due
to the power difference and such an asymmetry brings the
necessity for a load balancing in HCN, such as in [6], and the
cell range expansion using biasing is considered as a practical
technique for offloading the load of high powered mBSs to
sBSs [7][8], possibly combined with the use of dedicated
resource for sBSs such as in [7]. In such cases, an analytical
framework for the number of users associated with a BS or the
load requested to a BS is necessary for better understanding
on the load balancing in an HCN.
From the PPP modeling of a single-tier cellular network,
the association region of a cell forms the well known Poisson
Voronoi (PV) tessellation. Even though the exact distribution
on the PV size is not yet discovered, there have been efforts for
obtaining approximated distributions on the PV size and one
promising approach is to use a Gamma distribution [9][10].
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Weighted PV tessellation of an HCN.

However, the association region of a two-tier HCN is no longer
a PV tessellation due to the power difference between tiers.
As shown in Fig 1, it becomes a multiplicatively weighted
PV tessellation [11], which depends not only on the BS
densities but also on the BS powers and the biasing factors.
Recently, the distribution on the association area in a twotier HCN is approximated as that of a single-tier network
with each effective density for each tier [11]. However such
approximation depends only on the tier association probability
so that it does not provide a good approximation when the
power difference between tiers is not small.
In this letter, distributions on the association region and the
load of a BS in each tier for a two-tier HCN are proposed,
which are quite accurate over wide range of density and power
differences between tiers.
II. S YSTEM M ODEL
Consider a two-tier deployment of mBSs and sBSs over
a large area where users are uniformly distributed. Here, a
user, an mBS and an sBS are respectively denoted by their
locations which are respectively given as u ∈ U, xm ∈ Xm
and xs ∈ Xs . We assume that mBSs and sBSs are different in
terms of transmit power and BS density. The transmit powers
of an mBS and an sBS are respectively given as Pm and Ps .
Also, mBSs and sBSs are assumed to be randomly distributed
according to homogeneous PPPs, Φm with density λm and
Φs with density λs . We also assume that users are randomly
distributed according to a homogeneous PPP, Φu with density
λu . Each user is assumed to be associated with the BS with
the highest biased received power. Here, the biased received
power is the received power multiplied by each biasing factor
(Bm for mBSs and Bs for sBSs). Then, the association region
of BS x, Rx , is given as


 α1


2
y − x̄,
Rx = y ∈ R y − x ≤ Px /Px̄
for all x̄ ∈ Xm ∪ Xs } ,

(1)

where Px = Px Bx , Px = Pm and Bx = Bm if x ∈ Xm
and Px = Ps and Bx = Bs if x ∈ Xs , and α denotes the
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III. L OAD D ISTRIBUTIONS IN A T WO T IER HCN
In various work including [9][10], the distribution f (x; λ)
of the PV tessellation size in a single-tier network can be
well approximated by using a Gamma distribution with two
parameters, κ1 and κ2 , as
(κ1 λ)κ2 κ2 −1
f (x; λ) =
exp (−κ1 λx) ,
(2)
x
Γ (κ2 )
∞
where λ is the BS density, Γ(x) = 0 tx−1 exp(−t)dt is the
Gamma function and the two parameters are given as κ1 =
3.08 and κ2 = 3.04 [9]. In [10], it is shown that the normalized
mean and variance of the above distribution are respectively
given as
 ∞
xf (x; λ)dx ≈ 1,
(3)
m = λ
0
 ∞
2
v = λ2
(x − m/λ) f (x; λ)dx ≈ 0.28031. (4)
0
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The distribution on the association area of an sBS.


2
1/α
where λe = λs + 14 λm 1 + P̄r
. As mentioned in [12],
the nearest cell edge distance is the key parameter for the
distribution on the association area and the distribution on the
association area of an sBS may be approximated as that of
single-tier network with the effective density of λe .
On more thing to consider is that the association area of
an sBS is strictly restricted by the nearest mBS [13] and the
maximum area of an sBS, when the nearest mBS is located
P̄r1/α 
at distance t, is given as πκ2 t2 , where κ =  2/α
 . Thus,
P̄r

−1

the distribution on the association area of an sBS at a given
nearest mBS distance t, fs (x|t), can be approximated as a
truncated distribution using the effective density as
fs (x|t) = f (x; λe )h x, πκ2 t2

In [11], the weighted PV of a BS in tier j is approximated
as that of a single-tier network, in which the effective density
2/α
λj P
j
2/α
m +λs P
s2/α
λm P

increases 1/pj times (λj /pj ), where pj =
,
1
j ∈ {m, s}, denotes the tier j association probability . In
[11], the association area of a BS in tier j is assumed to be
reduced only by pj so that it is hard to reflect the effect from
the difference in power and density between tiers.
In order to approximate the association area of an sBS
better, the nearest cell edge distance is focused in this letter for
deriving the effective density. The distribution on the nearest
neighboring BS at distance r in a single-tier network is given
as f (r) = 2πλr exp −πλr2 [12]. At a cell edge, the biased
received power from the desired BS and the neighboring BS
are equal and the nearest cell edge distance s in a single tier
network is given as s = r/2, which implies that its distribution
is given as f (s) = 8πλs exp −4πλs2 . On the other hand,
the nearest cell edge distance between an sBS and its nearest
r
due to the power
mBS at distance r is given as s = 1/α

 P̄r +1
difference, where P̄r = Pm /Ps denotes the biased power
ratio between an mBS and an sBS. Using the superposition
property of two independent PPPs, the distribution on the
nearest cell edge distance of an sBS, fe (s), is given as
fe (s) = 8πλe s exp −4πλe s2 ,

1000, Or
Pr

f (x)

pathloss exponent. Let As = {Rx |x ∈ Xs } and Am =
{Rx|x ∈ Xm } respectively denote the random variables
whose realizations are the areas of the association regions
in the macro-cell tier (tier m) and the small-cell tier (tier
s) having probability density functions (pdfs) of fm (x) and
fs (x), respectively. Similarly, the number of associated users
of a BS in tier j is denoted as Nj (j ∈ {m, s}) and the load,
or equivalently the number of packet transmission requests per
second, for a BS in tier j as Lj (j ∈ {m, s}). The probability
mass functions (pmfs) of Nj and Lj are respectively denoted
as gj (k) = Pr[Nj = k] and lj (i) = Pr[Lj = i].

(5)

1 It denotes the probability that a randomly selected user is associated with
a BS in tier j [2].

+F c πκ2 t2 ; λe δ x − πκ2 t2 ,

(6)

where
h(x, y)
=
(u (x) − u (x − y)), F c (x; λ)
=
∞
f
(t;
λ)dt,
u(x)
denotes
the
unit
step
function
x
and δ(x) denotes the Dirac delta function. Since the
distribution of the distance of the nearest mBS is given as
f (t) = 2πλm t exp −πλm t2 , fs (x) is obtained as
 ∞
fs (x) =
fs (x|t) f (t)dt
0


x
λm
= exp −λm 2
f (x; λe ) + 2 F c (x; λe ) (7)
κ
κ
and the mean and variance of above distribution are respectively denoted as ms and vs .
Fig. 2 compares the distributions obtained from (7), that
obtained from simulation and that obtained from [11] according to various biased power ratio, P̄r , and density ratio
between tiers, λ̄r = (λs /λm ), when λm = 1/800 (BSs/m2 ).
For the simulation, 200,000 independent BS realizations are
generated for each case to obtain the histogram with bin
vector x = 0, 5, · · ·,  5λ4 e  × 5, ∞ , in which a few thousand
realizations per each bin are used in average. From the results,
it is confirmed that the proposed distribution is much better
matched to the true one while the conventional approximation
overestimates it and it becomes severer as the biased power
ratio increases.
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a3
−2
a1+a2 P̄r α

vm = 0.28031pm

(8)

,

where a1 = 3.8065, a2 = −1.8093 and a3 = 0.2691.
By adopting a Gamma distribution similarly as in [9][10],
fm (x) can be approximated as
κ

(λm κ3 ) 4 κ4 −1
x
exp (−λm κ3 x) ,
fm (x) =
Γ (κ4 )
where



κ3



−2
α

1− a1 +a2 P̄r
1
pm
=
0.28031



−2
P̄r α

(9)

a3 

,

(10)

-3
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In [11], the weighted PV of an mBS is also approximated
as that of a single-tier network with the effective density
of λm /pm . However, such an approximation only meets the
average area of an mBS and it cannot fully reflect the effect
caused from difference in power and density between tiers.
First, consider the case where P̄r = 1, which implies
that a two-tier HCN becomes a single-tier network with
density λm + λs , where pm portion of BSs are mBSs and
1 − pm portion of BSs are sBSs. Let mm and vm respectively
denote the mean and variance of the association area of an
mBS. Then, mm = 1/(λm + λs ) = pm /λm and vm =
0.28031/(λm + λs )2 = 0.28031p2m/λ2m . As P̄r increases at a
given pm , although mm does not depend on P̄r as shown
in [11], vm decreases because larger P̄r at the same pm
2/α
implies P̄r
times more sBSs with smaller sizes and such
an improved resolution decreases the size difference among
mBSs. Although not shown explicitly, the exponent of pm in
−2/α
vm starts at 2 when P̄r = 1 and grows convexly as P̄r
decreases to zero (i.e., P̄r increases). By a numerical curve
fitting using simulated data similary as in [10], vm can be
approximated as
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The distributions on the association area of an mBS.

Also, fm (x) can be similarly modified by calculating pm for
2/α
different pathloss exponents as in [11] and substituting P̄r
2/αs
with P̄r
in (10) and (11). In Figs. 2 and 3, the results for
the case are also plotted for confirmation. Thus, although not
given as nice closed-forms, the proposed framework can be
extended to the case where the pathloss exponents of the two
tiers are different. In addition, the proposed framework on the
weighted PV tessellation may be useful for applications in
various fields such as astrophysics [14].
C. The load distributions
Assume that a user generates a packet transmission request
according to an independent and identically distributed (i.i.d)
Poisson arrival with arrival rate μ. Then, the pmf of Lj , the
number of packet transmission requests per second generated
by the associated users of a BS in tier j, is given as

a3 

2− a1 +a2
1
pm
κ4 =
.
(11)
0.28031
Fig. 3 compares the distribution obtained from (9), that obtained from simulation and that obtained from [11] according
to various biased power ratio and density ratio between tiers.
For the simulation, 200,000 independent BS realizations are
generated for each case to obtain the
 histogram with bin vector
3pm

×
16,
∞
, in which a few thousand
x = 0, 16, · · ·,  16λ
m
realizations per each bin are used in average. From the results,
it is confirmed that the proposed distribution is much better
matched to the true one while the conventional approximation
underestimates it and it becomes severer as the biased power
ratio increases.
−1
as λe = 16E2 [s]
,
Note that λe in (6) can be rewritten

rm
and rs and rm respctively
where s = min r2s , 1/α
P̄r +1
denote the nearest distances of the neighboring sBS and mBS.
When the pathloss exponents of the two-tiers are different,
respectively denoted as αm and αs , λe can be obtained
similarly by using s = min (rs /2, h(rm )), where h(rm )
−α
satisfies Ps h(rm )−αs = Pm (rm − h(rm )) m . Then, fs (s)
can be numerically
obtained
by substituting πκ2 t2 in (6) with






2
−αm
−αs 

A(t) =  y ∈ R Pm y
≤ Ps y − (t, 0)
.

100, Or

4, D s

lj (i) =

∞

exp(−kμ)(kμ)i

i!

k=0

gj (k),

(12)

where gj (k) is the pmf of the number of the associated users
with a BS in tier j, which can be obtained as
 ∞
(λu x)k e−λu x
fm (x)dx
gm (k) =
k!
0
(nm /κ3 )k

H (k, κ4 ) ,
k+κ4
(nm /κ3 + 1)
 ∞
(λu x)k e−λu x
gs (k) =
fs (x)dx
k!
0
=

= H (k, κ2 )
+

k

κ2
2
κ (ns /κ2 + 1) + nb /κ1

(ns ) nb
G (k, κ1 , κ2 ) ,
κ2 κk+1
1

(13)

k+κ2

(14)

= λu /λm , ns = λu /λe , nb = λm /λe ,
k

(k−i+a)
and G (k, b, c) = H(k +
H (k, a) =
i
i=1


1, c)2 F1 k + 1, k + c + 1, k + 2, − 1b nκm2 − ns .
In order to obtain some insights on the loads in an HCN
from the above distributions, the mean and variance of Lj ,

where nm

4

Fig. 4.
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Fig. 5.

The coefficient of variance cj of Lj .

respectively denoted as ρj and σj2 , are obtained by using the
law of total variance as
ρj = μλu mj ,
σj2

=

μ+μ

2

The normalized required backhaul capacity for a BS in tier j.

load is more dispersive in tier s than in tier m, which can
be used for the design of an HCN or devising association,
resource allocation and load balancing schemes in an HCN.

(15)
λu mj +

μ2 λ2u vj ,

and the coefficient of variance of Lj , cj , is given as

σj
vj
(1 + μ)
cj =
=
+ 2.
ρj
μλu mj
mj

(16)

(17)

Note that cj is the measure that quantifies how Lj is dispersed
compared to the mean, which implies that a normalized upper
quantile of Lj by mean ρj increases as cj increases. Fig. 4
shows cj according to the mean number of associated users
in a BS in tier j (λu mj ) when pm = 0.5 and μ = 2. It is
shown in Fig. 4 that cm is smaller than that of the single-tier
network while cs is larger, and the difference becomes larger
as the biased power ratio increases.
As an example of possible applications of the proposed
work, a simple HCN design is considered as follows. Consider
the case that an operator wants to design the backhaul capacity
per BS in tier j, Cj , in order to guarantee the outage
probability of the event Lj > Cj below ε for the quality
of service (QoS) when P̄r and λ̄r are already determined for
given λu and μ. As discussed earlier, the outage probability
becomes higher in tier s than in tier m if the backhaul capacity
is designed in proportion to its mean load. By using (13) and
(14), Cj can be determined to maintain the QoS for each tier.
Fig. 5 shows the required backhaul capacity, Cjr , normalized
by its mean load according to the user density of a two-tier
HCN when ε = 0.05 and μ = 6.
IV. C ONCLUSION
This letter provides the distributions on the association area
of a BS of each tier in a two-tier HCN. The proposed distributions are shown to be quite close to the true distributions over
a wide range of network parameters, which would be useful
not only for applications in wireless communications but also
those related to a weighted PV tessellation.
By using the proposed association region distributions, the
load distribution of a BS in each tier in the two-tier HCN is
also derived. The proposed load distributions reveal that the
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