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Abstract—In this paper, we consider delay-constrained wireless
multi-hop ad hoc networks where a packet should be delivered
to the destination within the maximum allowed delay while
satisfying the target outage probability. The proposed perfor-
mance metric for analyzing networks is the delay-constrained
random access transport capacity (D-RATC), which quantifies
the maximum end-to-end (e2e) link achievable rate per unit
area of a delay-constrained network using a random access
protocol. The scaling of the D-RATC is obtained for various
slotted ALOHA (SA) protocols and it is shown that the SA
protocol is order-optimal for delay-constrained random networks
when interference control is used with an additional feature such
as rate control or admission control. If interference control is not
used, the SA protocol suffers from the negatively infinite scaling
exponent except the case of using rate control where a finite but
suboptimal scaling exponent may be achieved. Also, it is shown
that multi-hop control does not affect the scaling exponent but
just improves the D-RATC pre-constant.

Index Terms—Ad hoc networks, random access transport
capacity, capacity scaling, delay-constrained capacity.

I. INTRODUCTION

A WIRELESS ad hoc network is an uncoordinated net-
work in which nodes communicate without centralized

control or wired infrastructure. The performance of an ad hoc
network has been typically analyzed in terms of the capacity
scaling [1]-[11] which denotes the order of the growth of a
scalar performance metric as the number of source nodes in
the network increases. In [1], the optimal capacity scaling of
an arbitrary static network was shown to be Θ(

√
n), where

n is the number of source nodes in a network, which can be
obtained by using the nearest-neighbor routing and the optimal
capacity scaling of a random static network was shown to
be Θ(

√
n/ logn) which can be obtained by acting nodes in

a time division multiple access (TDMA) manner to reduce
interference from other transmitters. Also, after that seminal
work, the capacity scaling of various network models and as-
sumptions have been proposed and the optimum media access
control (MAC) protocols for achieving the capacity scaling
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have been developed [2]-[9]. In [10][11], the capacity scaling
of a random static network with practical MAC protocols was
analyzed. In [10], a slotted ALOHA protocol for multi-hop
transmission is considered and it was shown that the capacity
scaling is greater than or equal to Θ(1) if the media access
probability of each node is optimized. In [11], it was shown
that the optimal capacity scaling of an arbitrary network,
Θ(

√
n), can be achieved in a random static network with the

aid of pure relays just by optimizing the number of hops of
each end-to-end (e2e) link because a sufficiently large number
of pure relays can make a random network into an arbitrary
network.

Many services require packet delivery under a delay con-
straint, which here denotes the maximum allowed delay D
for e2e packet delivery while satisfying some target outage
probability ε. Also, it was seen in literature that the capacity
scaling is affected by a delay constraint. In [12][13], the
optimal scaling of a random static network is obtained as
Θ(1) (i.e. the scaling exponent is zero) for a given constant
delay constraint. However, simple MAC schemes used in
[10][11] cannot provide the optimal scaling of Θ(1) in a delay-
constrained wireless ad hoc network even if a sufficiently
large number of pure relays help the packet delivery between
source-destination pairs because of the constant delay con-
straint. Then, the following questions arise: is it possible to
achieve the optimal scaling by using a MAC scheme based
on a simple random access? If so, what will be the required
additional features? Although the throughput-delay tradeoff
was studied in [15][16], the above issues are not clearly
answered yet.

In this paper, we consider a delay-constrained wireless ad
hoc network using a MAC protocol based on the slotted
ALOHA (SA) protocol. The additional features considered in
this paper are multi-hop control (M), rate control (R), admis-
sion control (A), and interference control (I). Those control
schemes can be used individually or together. For example,
the SA with multi-hop control (SA-M) protocol controls the
number of hops on each e2e link. The SA with multi-hop
and rate control (SA-MR) protocol controls the number of
hops and the transmission rate on each e2e link. The SA with
multi-hop, rate, and interference control (SA-MRI) protocol
controls the number of hops and the transmission rate of each
e2e link and the e2e access probability of the whole network.
The SA with multi-hop, admission, interference control (SA-
MAI) protocol performs an admission control for each e2e
link as well as controlling the number of hops and the e2e
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media access probability1. The performance metric considered
in this paper is the delay-constrained random access transport
capacity (D-RATC), which characterizes the maximum aver-
age e2e rate per unit area that can be reliably delivered to
the destination from the source within the maximum allowed
delay D with success probability at least 1 − ε. The main
contributions of this paper can be summarized as follows.

1) In a delay-constrained wireless multi-hop networks, the
D-RATC scaling of the SA-M, SA-I, SA-A, SA-MI,
or SA-MA protocol is Θ(0) (i.e., the scaling exponent
is negative infinity), the D-RATC scaling of the SA-
R or SA-MR protocol is Θ(λ

−α/2+1
e ), where λe is the

average number of source nodes per unit area and α > 2
is the path-loss exponent, and the D-RATC scaling of the
SA-RI, SA-AI, SA-MRI, or SA-MAI protocol is Θ(1).

2) The optimal scaling cannot be achieved without inter-
ference control. In addition, interference control needs
an additional feature such as rate or admission control.
Multi-hop control just improves the pre-constant but not
the scaling exponent of the D-RATC.

The remainder of this paper is organized as follows. In
Section II, the network model and MAC protocols are intro-
duced. In Section III, the D-RATC and the scaling exponent
of the D-RATC are derived. In Section IV, the D-RATC
scalings of various MAC protocols based on the SA protocol
and the effect of each additional feature is described. In
Section V, numerical results on the D-RATC scaling and the
optimal values of controllable parameters are shown. Finally,
concluding remarks are given in Section VI.

II. SYSTEM MODEL

We consider a large wireless network where the locations of
nodes follow a homogeneous Poisson point process (PPP) Φn
of density λn. In the network, a node could be a source with
probability ρs, each source randomly selects its destination
among nodes except the sources, and a source-destination
pair selects its relays among nodes except the sources and
destinations. In this paper, we call a source-destination pair
with its relays as an e2e link and each hop in the e2e link
as a constituent point-to-point (p2p) link as shown in Figure
1. Let E be the index set of the e2e links in the network,
Pi = {1, 2, · · · , Ni} be the index set of the p2p links in
the i-th e2e link, where Ni is the number of hops in the i-
th e2e link, and xi,j ∈ Φn and xi,j+1 ∈ Φn, i ∈ E and
j ∈ Pi, respectively be the locations of the transmitter and
the receiver of the j-th p2p link in the i-th e2e link. Then,
the i-th e2e link can also be represented by the locations
of its constituent nodes as ηi = (xi,1, xi,2, · · · , xi,Ni+1)
and the j-th p2p link in the i-th e2e link can be similarly
represented as ςi,j = (xi,j , xi,j+1), as summarized in Figure
1. Let dxy = |x − y|. Then, the hop distance vector of the
i-th e2e link is defined as di = (di,1, di,2, · · · , di,Ni), where
di,j = dxi,jxi,j+1 and di = dxi,1xi,Ni+1 .

Let P be the transmit power at all transmitters and ri
(b/s/Hz) be the transmission rate of a packet in bit per channel

1Note that, although the control schemes are very simplified and cannot
cover all control schemes, they would be sufficient to show most of the
impacts of an additional control scheme on the capacity scaling of wireless
networks.

Fig. 1. Multi-hop ad hoc network model with the slotted ALOHA protocol
having the e2e access probability qe and p2p access probability qp.

use of the i-th e2e link. In each e2e link, a packet transmitted
at the source should be delivered to the destination within D
slots with success probability of at least 1−ε, where 0 < ε < 1
is independent of λe. Each source is assumed to have packets
to send all the time and does not transmit the next packet until
the previous transmitted packet is delivered to the destination
or the number of slots elapsed for the packet reaches D2. The
slotted ALOHA protocol considered in this paper can control
the access of each e2e link similar to the MAC protocols in
[18][19], or the access of each p2p link as in [20][21]. An e2e
link obtains the e2e access right for L slots with the e2e media
access probability qe and can transmit packets until it expires3.
If an e2e link fails to obtain e2e access rights, it attempts again
after L slots. Once packet delivery begins, each p2p link has
p2p access at a slot with probability qp, if it has a packet
to deliver. The packet travels to the destination using a hop-
by-hop decode-and-forward principle with automatic repeat
request (ARQ).

Let Et ⊂ E be the index set of the e2e links having the
e2e access right at slot t and Pi,t ⊂ Pi be the index of the
p2p links having the p2p access right at slot t. Then, the set
of the locations of the transmitters at slot t is given by Φt =
{xi,j | i ∈ Et, j ∈ Pi,t} ⊂ Φn and follows a homogeneous
PPP of density λ=qeqpλe, where λe = ρsλn is the source
density [17]. Let d−αxy and hxy[t] ∼ Exp(1) be respectively
the large-scale and the small-scale fadings between nodes x
and y. Then, the received SINR at the receiver xi,j+1 of the
j-th p2p link of the i-th e2e link in slot t, γi,j [t], is given by

γi,j [t] =
Pd−αi,j hxi,jxi,j+1 [t]

P
∑
z∈Φt\{xi,j} d

−α
zxi,j+1hzxi,j+1 [t] +N0

, (1)

where N0/2 is the two-sided power spectral density of the
additive white Gaussian noise (AWGN). Then, the comple-

2We assume appropriate ACK/NACK signalings among the transmitters and
receivers in an e2e link. Note that the overhead for the ACK/NACK signaling
is ignored because it does not affect the capacity scaling [12][13].

3The performance degradation due to the case where the number of
remaining slots is less than D can be ignored by assuming L � D.
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mentary cumulative distribution function (ccdf) of γi,j [t] is
given by

Pr{γi,j [t] > 2ri − 1}
� p(di,j , ri, qe)

= exp

(
− 2ri − 1

d−αi,j P/N0

− qeqpλe(2
ri − 1)

2
αKαd

2
i,j

)
,(2)

where Kα = 2π2/(α sin(2π/α)) [10]4. On each hop, a
packet is transmitted with probability qp and successfully
decoded at the receiver with probability p(di,j , ri, qe) if a
packet is transmitted. Thus, the number of slots required for
the successful transmission in the j-th p2p link of the i-th
e2e link, Tj(di,j , ri, qe), is a geometric random variable with
success probability of qpp(di,j , r, qe) and the total number of
slots required for the successful transmission of a packet in
the i-th e2e link, T (di, ri, qe), is given by

T (di, ri, qe) =

Ni∑
j=1

Tj(di,j , ri, qe). (3)

Also, the number of slots elapsed for packet delivery is given
by min(T (di, ri, qe), D). Then, similarly as in [24], the e2e
outage probability and the throughput of the i-th e2e link can
be respectively given by

Pout(D|di, ri, qe) = Pr{T (di, ri, qe) > D} (4)

and

Rε(D|di, ri, qe) = ri
1− Pr{T (di, ri, qe) > D}
E[min(T (di, ri, qe), D)]

(b/s/Hz).

(5)
Note that the outage probability (4) or the throughput (5)
in a wireless ad hoc network is highly dependent on its
communication protocol and most typical control mechanisms
used for wireless ad hoc networks in literature, including
[20][22][23], can be classified into a choice of transmission
range (admission control), a transmission rate (rate control),
the route from a source to its destination (multi-hop control),
and a scheme to schedule the transmission of each node (in-
terference control). In this paper, it is assumed that multi-hop
control enables an e2e link to control the vector di, admission
control enables each source to choose the destination among
nodes within a predetermined source-destination distance, rate
control enables controlling ri, and interference control enables
controlling qe. Also, it is assumed that a protocol selectively
uses either rate control or admission control since the distance
weighted throughput can be optimized by either adjusting the
transmission rate for a given e2e distance or the e2e distance
for a given transmission rate.

Let ψ be a random network using the SA-
ψ protocol under the above assumptions, where
ψ ∈ {M,R, I,A,MR,MI,MA,RI,AI,MRI,MAI}. Also,
let ΨM = {M,MR,MI,MA,MRI ,MAI} be the protocol
set using multi-hop control, ΨA = {A,MA,AI,MAI}
be the protocol set using admission control,
ΨR = {R,MR,RI,MRI} be the protocol set using rate

4If α = 2, the equation (2) is not valid because the cumulated interference
power goes to infinity because the interferers’ signals do not decay fast enough
to keep the cumulated interference power finite [28].

control, ΨI = {I,MI,RI,AI,MRI,MAI} be the protocol set
using interference control. Then, the set of all controllable
parameter vectors of the i-th e2e link satisfying the delay
constraint in network ψ is given by

Uψ
ε (D|di) =

{
(di, ri, qe) ∈ Dψ(di)×Rψ ×Qψ

|Pr{T (di, ri, qe) > D} ≤ ε} ,(6)

where Dψ(di) = Mψ(di) ∩Aψ(di),

Mψ(di)

=

⎧⎪⎨
⎪⎩
⋃D
Ni=1 {(di,1, di,2, · · · , di,Ni)
|di,j ∈ (0,∞),

∑Ni
j=1 di,j ≥ di

}
, if ψ ∈ ΨM ,

{a given (di,1, di,2, · · · , di,Ni)} , if ψ /∈ ΨM ,

Aψ(di)

=

⎧⎪⎪⎨
⎪⎪⎩

⋃D
Ni=1 {(di,1, di,2, · · · , di,Ni)
|di,n ∈ (0,∞),

∑Ni
n=1 di,n ≥ di},

if ψ ∈ ΨA and di ≤ di,max or ψ /∈ ΨA,
φ, if ψ ∈ ΨA and di > di,max,

(7)

Rψ =

{
(0,∞), if ψ ∈ ΨR,
{a given ri}, if ψ /∈ ΨR,

(8)

and

Qψ =

{
(0, 1], if ψ ∈ ΨI ,
{a given qe}, if ψ /∈ ΨI .

(9)

Also, the average distance-weighted throughput of the net-
work ψ, Rψε (D), when each e2e link uses (di, ri, qe) ∈
Uψ
ε (D|di) is given by

Rψε (D) =
1

ν
EE

[∑
i∈E

diRε(D|di, ri, qe)
]
, (10)

where ν denotes the network area and EE [·] denotes the
expectation over E . In Tables I and II, the notations used in
this paper are summarized.

III. DELAY-CONSTRAINED RANDOM ACCESS TRANSPORT

CAPACITY

In this paper, the D-RATC is used as the performance
metric and the D-RATC scaling of a random static network
is analyzed according to a given MAC protocol.

Definition 1: (D-RATC) The D-RATC of network ψ,
Cψε (D), is the average end-to-end rate per channel use and per
unit area of network ψ that can be reliably delivered within
at most D time slots satisfying the target outage probability ε
when (di, ri, qe) ∈ Uψ

ε (D|di) is optimized for each e2e link,
i ∈ E , which is given by

Cψε (D)

�

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1
ν
EE

[∑
i∈E

di max
(di,ri,qe)∈U

ψ
ε (D|di)

r(1−Pr{T (di,ri,qe)>D})
E[min(T (di,ri,qe),D)]

]
,

if Uψ
ε (D|di) �= φ ∀i ∈ E ,

0, otherwise.

(11)

For better mathematical tractability, we consider a typical
e2e link with distance of d and the destination located at



BYUN et al.: DELAY-CONSTRAINED RANDOM ACCESS TRANSPORT CAPACITY 1631

TABLE I
NOTATIONS FOR THE WHOLE NETWORK.

Notation Definition/explanation

D
the maximum number of slots

allowed for transmitting a packet
ε the target outage probability
λn the node density

λe = ρsλn the source density
qe the e2e access probability
qp the p2p access probability

λ = qeqpλe the average number of transmitting nodes per unit area
P the transmit power

Rψε (D) the average distance-weighted throughput of network ψ
Cψε (D) the D-RATC of network ψ
aψε (D) the scaling exponent of network ψ

TABLE II
NOTATIONS FOR AN E2E LINK.

Notation Definition/explanation

γi,j [t]
the received SINR of the j-th p2p link

of the i-th e2e link in slot t

Tj(di,j , ri, qe)
the number of slots for delivering a packet

at the j-th p2p link of the i-th e2e link

T(di, ri, qe)
the number of slots for delivering a packet

in the i-th e2e link
Pout(D|di, ri, qe) the e2e outage probability of the i-th e2e link
Rε(D|di, ri, qe) the e2e throughput of the i-th e2e link

Uψ
ε (D|di)

the set of all controllable parameter vectors
satisfying the delay constraint

of the i-th e2e link with the e2e distance of di

Cψε (D|d) the transport capacity
of a typical e2e link with distance d

the origin rather than the average over the whole network,
similarly as in [11][14].

Definition 2: (typical D-RATC) The typical D-RATC,
Cψε (D|d), is defined as the D-RATC of network ψ under
the assumption that each source has its destination at a fixed
distance d, given by

Cψε (D|d)

�

⎧⎪⎨
⎪⎩

d max
(d,r,qe)∈Uψ

ε (D|d)
qeλe

r(1−Pr{T (d,r,qe)>D})
E[min(T (d,r,qe),D)] ,

if Uψ
ε (D|d) 
= φ,

0, if Uψ
ε (D|d) = φ,

(12)

where d = (d1, · · · , dN ) denotes the N -dimensional hop
distance vector and r (b/s/Hz) is the transmission rate per
channel use of the typical e2e link.
Remark: The proposed D-RATC can be considered as an
extension of the transmission capacity in [14] to a multi-hop
retransmission scenario in which a rout adaptation is allowed.
If D goes to infinity, limD→∞ CM

ε (D) is equal to the random
access transport capacity for simple MAC schemes introduced
in [11].

Definition 3: (D-RATC scaling exponent) The D-RATC
scaling exponent of network ψ, aψε (D), is defined as the order
of growth of the D-RATC as λe increases, given by

aψε (D) �
{

lim
λe→∞

log(Cψε (D|d))
log(λe)

, if Cψε (D|d) > 0,

−∞, if Cψε (D|d) = 0.
(13)

Remark: Although aψε (D) is obtained from Cψε (D|d), it
is equal to limλe→∞ logCψε (D)/logλe since the D-RATC

scaling is independent to the value of d if d ∈ (0,∞) as
shown in [11][14].

For easy analysis, we assume that λn � λe � 1, which
denotes that the number of possible relay nodes is sufficiently
large5. In this case, we can assume that the selected relays
form a line between the source and the destination and the
hop distance is equidistant, i.e. d = (d/N, · · · , d/N), where
|d| = N . Thus, Mψ(d) can be simplified as M̄ψ(d) =⋃D
N=1 {(d1, d2, · · · , dN ) | dn = d/N, n = 1, ..., N }, where

D̄ψ(d) = M̄ψ(d) ∩ Aψ(d). By adopting the equidistance
linear model, multi-hop control and admission control can be
simplified so that multi-hop control optimizes the number of
hops N only and admission control determines the allowed
maximum transmission range dmax of a possible e2e link.
Here, note that dmax should not be vanishing even though
λe → ∞. In the equidistance linear model, T (d, r, qe) is
given as the sum of N independent and identically distributed
random variables

∑N
i=1 Tj(d/N, r, qe), where Tj(d/N, r, qe)

is a geometric random variable with success probability
qpp(D/N, r, qe). Then, the e2e outage probability is given by

Pout(D|d, r, qe)
= Pr{T (d, r, qe) > D} (14)

= Pr

{
N∑
i=1

Tj(d/N, r, qe) > D

}
(15)

=
N−1∑
k=0

(
D
k

)(
qpp

(
d

N
, r, qe

))k

×
(
1− qpp

(
d

N
, r, qe

))D−k
(16)

= 1− B
(
qpp

(
d
N , r, qe

)
;N,D −N + 1

)
B (N,D −N + 1)

, (17)

where B(a, b) is the beta function and B(x; a, b) is the
incomplete beta function [19]. Also, the set of controllable
parameter vectors in (6) can be rewritten as

Uψ
ε (D|d) = {(d, r, qe) ∈ D̄ψ(d)×Rψ ×Qψ∣∣∣∣p

(
d

N
, r, qe

)
≥ pε(D,N)

qp

}
, (18)

where pε(D,N) denotes the minimum successful transmission
probability per each hop required for the N -hop e2e link to
satisfy the delay constraint, which can be obtained from (17)
as

pε(D,N)

= B−1 ((1− ε)B(N,D −N + 1);N,D −N + 1) ,
(19)

where B−1(y; a, b) is the inverse incomplete beta function
[27]. Although B−1(y; a, b) is not given in a closed form,
(19) can be easily evaluated for given ε, D, and N using a
numerical method [27]. Also, note that if qp < pε(D,N),
Uψ
ε (D|d) becomes empty.

5Note that it will be shown at the end of Section IV that relaxing the
assumption does not change the D-RATC scaling.
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IV. THE D-RATC SCALING EXPONENT

The main result of this section is given in the following
theorem.

Theorem 1. The D-RATC scaling exponent of network ψ is
given by

aMε (D) = aIε(D) = aAε (D)

= aMI
ε (D) = aMA

ε (D) = −∞, (20)

aRε (D) = aMR
ε (D) = −α

2
+ 1, (21)

aRI
ε (D) = aAI

ε (D) = aMRI
ε (D) = aMAI

ε (D) = 0.(22)

Proof : It is straightforward that

d max
(d,r,qe)∈Uψ

ε (D|d)

qeλer(1 − ε)

E[min(T (d, r, qe), D)]
≤ Cψε (D|d)

≤ d max
(d,r,qe)∈Uψ

ε (D|d)

qeλer

E[min(T (d, r, qe), D)]
(23)

from (12) because 1 − ε ≤ 1 − Pr{T (d, r, qe) >
D} ≤ 1 for (d, r, qe) ∈ Uψ

ε (D|d). Since, limλe→∞
logE[min(T (d,r,qe),D)]

log λe
= 0 and limλe→∞

log(1−ε)
log λe

= 0, the
D-RATC scaling exponent can be obtained as

aψε (D) =

{
1 + ãψε (D), if Uψ

ε (D|d) 
= φ,
−∞, if Uψ

ε (D|d) = φ,
(24)

where

ãψε (D) = lim
λe→∞

log
(
dmax(d,r,qe)∈Uψ

ε (D|d) qer
)

log(λe)
. (25)

Equation (25) is evaluated for the cases of SA-M, SA-R and
SA-MR in Appendix A, SA-I, SA-MI, SA-RI, SA-MRI in
Appendix B, and SA-A, SA-MA, SA-AI, and SA-MAI in
Appendix C, respectively to obtain (20)-(22). �

From (20), it is seen that a multi-hop control scheme (as
in [11]) is not order-optimal in a delay-constrained network
although it was order-optimal without a delay constraint. From
(21), it is shown that a rate control scheme, regardless of
optimizing the number of hops, can provide a finitely negative
scaling exponent but not optimal without interference control.
From (20), it is shown that an interference control scheme over
network (as in [10]) is not order-optimal without an additional
feature. However, as shown in (22), an interference control
scheme combined with an additional feature can provide
the order-optimal scaling exponent in a delay-constrained
network. In [12], it was shown that the order optimal scaling
is achieved when a Genie-aided time division multiple access
(TDMA) protocol is used, which is unrealistic for ad hoc
networks because a central controller is required to perform
the protocol. In this work, however, it is shown that the order
optimal scaling can be achieved by using a simple ALOHA-
based protocol with an additional feature.

A. Effect of interference control on the scaling exponent

An interference control scheme can maintain the average
SINR at each receiver and the density of transmitters at a
snapshot by controlling qe inversely proportional to λe. In a

network without any delay constraint, it was shown that an
interference control scheme provides a finite scaling exponent
[10]. However, in a delay-constrained network, negatively
infinite scaling exponent is obtained by using interference
control only because it cannot guarantee the packet delivery
within the delay constraint for various e2e links with different
distances. However, it provides the order-optimal scaling if
combined with either rate control or admission control as
shown in Theorem 1 because the delay constraint can be
satisfied by controlling the rate of each e2e link according
to its distance or setting the maximum transmission range
according to the given transmission rate.

B. Effect of rate control on the scaling exponent

A rate control scheme can adjust the transmission rate of
a packet according to the average SINR at each receiver
to guarantee the packet delivery within the delay constraint.
Without interference control, SINR at a receiver decreases
as λ−α/2e . Thus, the transmission rate r decreases as λ−α/2e

because log2(1 + SINR) 
 SINR/ log(2) when SINR � 1,
which implies that the scaling exponent is −α/2 + 1 since
the D-RATC is approximately given as λer. Although a rate
control scheme does not provide the order-optimality alone,
it can do if combined with interference control as shown in
Theorem 1.

C. Effect of admission control on the scaling exponent

An admission control scheme controls a non-vanishing
maximum transmission range dmax for a network to satisfy
the delay constraint for a given transmission rate r. When λe
increases without interference control, the interference power
increases as λα/2e so that admission control only with a non-
vanishing dmax fails to satisfy the delay constraint, which
implies that the scaling exponent is −∞. However, when it is
combined with interference control, the order optimal scaling
can be achieved.

D. Effect of multi-hop control on the scaling exponent

In a network without delay constraint, it was shown that
a multi-hop control scheme achieves the order-optimality, in
which the optimal number of hops is proportional to

√
λe [11].

However, in a delay-constrained network, a multi-hop control
scheme cannot achieve the order-optimal scaling as shown in
Theorem 1 because the hop distance cannot be smaller than
a certain value in order to satisfy the delay constraint and the
received SINR falls as λe increases, which implies that the
delay constraint cannot be satisfied and the D-RATC collapses.
However, the numerical results in Section V will show that
multi-hop control does help to improve the pre-constant of
the D-RATC.
Remark: From the fact that multi-hop control does not affect
the capacity scaling due to a finite delay constraint, relaxing
the assumption λn � λe � 1 does not affect the D-RATC
scaling, which will be confirmed by simulation in Section V.
Also, it is shown that any improved transmit protocol using a
spatial reuse, such as in [10], may improve the pre-constant
but cannot improve the D-RATC scaling.
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V. NUMERICAL AND SIMULATION RESULTS

The typical D-RATC in (12) can be rewritten as

Cψε (D|d) = dλe

× max
(d,r,qe)∈Uψ

ε (D|d)

qer(1 − Pr{T (d, r, qe) > D})
N +

∑D−1
t=N Pr{T (d, r, qe) > t} .

(26)

If r or qe is controllable, Uψ
ε (D|d) becomes an infinite set.

In this case, a finite set Ũψ
ε (D|d) ⊂ Uψ

ε (D|d) is constructed
with a given resolution to reduce computational complexity
and obtain an approximated value of the D-RATC by searching
the optimal value of (d, r, qe) over Ũψ

ε (D|d). For example,
ŨMRI
ε (D|d) of the SA-MRI protocol can be obtained as

follows. The controllable parameters of the SA-MRI protocol
are N , r, and qe. Here, N ∈ {1, 2, · · · , D}, qe ∈ (0, 1],
and r ∈ (0, rmax(N, qe)], where rmax(N, qe) denotes the
maximum value of r satisfying the delay constraint with given
parameters N and qe. Since qe or r is within a finite interval,
the region of (r, qe) for a given N is quantized with a given
resolution to construct a finite set ŨMRI

ε (D|d).
Figure 2 shows the D-RATC of the SA-M, SA-R, SA-

MR, SA-RI, SA-MRI protocols according to λe when
D = 10, ε = 0.1, qp = 0.8, and the received SNR
at the reference point of d = 1(m) is SNR = 20dB.
This figure shows that the D-RATCs of those protocols
increase as λe increases when λe is small. However, as
λe increases over a certain value, the D-RATC of the
SA-M protocol collapses and the D-RATC of the SA-(M)R
protocol decreases but the D-RATC of the SA-(M)RI
protocol remains, as expected from Theorem 1. Here, the
D-RATC of the SA-M protocol collapses because it becomes
impossible to satisfy the delay constraint by adjusting N
for all (d, r, qe) ∈ D̄ψ(d)×Rψ×Qψ in the region where λe >(
log(qp/pε(D,N))− 2r−1

d−αj P/N0

)
/
(
qeqp(2

r − 1)
2
αKαd

2
j

)



1.4 (1/m2) in this case. Also, it is seen that multi-hop control
can improve the pre-constant but not the scaling exponent as
was expected.

Figures 3-6 show the optimum values of the parameters
of the SA-RI and SA-MRI protocols according to λe and
the delay constraint parameters D and ε when qp = 0.8
and SNR = 20dB. Figure 3 shows that the optimum value
of qe, qe,opt, is unity until λe reaches a certain threshold
and decreases inversely proportional to λe after passing the
threshold. This is because, when λe is small, the gain by
increasing the number of e2e links is greater than the loss
caused from the increased interference but, as λe increases,
the loss outweighs the gain so that we need to maintain
the interference level. This figure also shows that a larger
interference level is endurable if multi-hop control is used,
D increases, and ε increases. Figures 4 and 5 respectively
show the optimum value of r, ropt, of the SA-RI and SA-
MRI protocols according to λe, D and ε. By comparing Figure
3 with Figures 4 and 5, it is seen that ropt decreases as
λe increases while qe,opt is unity until λe reaches a certain
threshold and then remains still while qe,opt decreases when
λe increases over the threshold. In other words, if the delay
constraint can be satisfied when qe = 1, the D-RATC is
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Fig. 2. D-RATC of the SA-M, SA-R, SA-MR, SA-RI, and SA-MRI protocols
according to λe.
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Fig. 3. The optimal e2e access probability qe,opt of the SA-RI and SA-MRI
protocols for various delay constraint parameters.

maximized when qe = 1. Unlike the SA-RI protocol case
in Figure 5, the optimal rate in the SA-MRI protocol shows
a jagged shape because the optimal number of hops, Nopt,
changes discretely. As shown in Figure 6, Nopt increases as
λe increases but should be kept much smaller than D for
typical values of ε in order for the e2e outage probability not
to be severely degraded due to the reduction of the allowed
number of transmissions for a packet at each hop.

For the SA-ϕ protocol, ϕ ∈ {AI,MAI}, we consider a
network where the allowed transmission coverage is at least
dmin and the controllable parameters and dmin are arbitrarily
chosen among the values satisfying the delay constraint, i.e.,
Uϕ
ε (D|dmin) 
= φ. Figures 7-9 show qe,opt and the optimal

transmission range dopt maximizing the D-RATC of the SA-
AI and SA-MAI protocols when dmin = 1(m), qp = 0.8,
SNR = 20dB. Figure 7 shows that qe,opt is unity until λe
reaches a certain threshold but decreases inversely proportional
to λe after the threshold as in the SA-RI and MRI protocols.
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Also, this figure shows that the threshold increases if multi-
hop control is used, D increases, ε increases, and r decreases.
Figure 8 shows that dopt of the SA-AI protocol decreases and
converges to dmin as λe increases. Also, the convergent point
increases as D and ε increases. Figure 9 shows that dopt tends
to decrease as λe increases but dopt of the SA-AI protocol
shows a jagged shape because of the discrete characteristic of
Nopt similarly as in ropt of the SA-MRI protocol.

We obtain Rψε (D) of two practical parameter control
schemes derived from Theorem 1, by simulation over a
random static network. We assume that the receiver in a
candidate p2p link estimates the average received SNR, Ês,
and the probabilities that the received SINR is greater than
two arbitrarily chosen values β1 and β2, respectively given by
Pr{γ > β1} and Pr{γ > β2}. Then, the receiver can estimate
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the success probability as

Gγ(r;C(α), qe)

= exp

(
−2r − 1

Ês
− qeqpC(α)(2

r − 1)2/α
)
(27)

from (2), where C(α) = λeKαd
2. Here, C(α) and α can be

estimated from the following two equalities given by

Pr{γ > βk} = exp

(
− βk

Ês
− qeqpC(α)β

2/α
k

)
, k = 1, 2.

(28)
After the route between a source and its destination is deter-
mined, each receiver in the route informs the estimated success
probability Gγ(r;C(α), qe) to its source.

The two practical parameter control schemes considered in
this paper are respectively called the pSA-MRI scheme and the
pSA-MAI scheme. The pSA-MRI scheme uses the destination-
sequenced distance vector (DSDV) routing with the expected
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slot count metric, 1/qpp, as the hop control [25]. The e2e
access probability qe of the pSA-MRI scheme is determined
as min(1, Aλ−1

e ), where A > 0 is arbitrarily chosen. The
initial transmission rate of the i-th e2e link is controlled as
the maximum value of r satisfying the delay constraint as

ri = G−1
γ

(
pε(D,Ni)

qp
; max
1≤j≤Ni

Ci,j(α),min(1, A/λ−1
e )

)
,

(29)
where Ci,j(α) = λeKαd

2
i,j . Here, G−1

γ (y;C(α), qe) can be
easily obtained by using a bisection search algorithm since it
is straightforward that y = Gγ(r;C(α), qe) is a monotonically
decreasing function of r. The pSA-MAI scheme also uses the
same DSDV routing with the expected slot count metric and
qe is again determined as min(1, Aλ−1

e ) for arbitrarily chosen
A > 0. If a selected e2e link using the DSDV algorithm cannot
satisfy the delay constraint, the source randomly reselects its
destination among nodes in the forward table of the DSDV
algorithm except the previous destination until the delay
constraint is satisfied. If the source cannot find its destination
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Fig. 10. Rψ(D) according to λe over a circular network with radius of
5(m).

satisfying the delay constraint among the forward table, the
source is eliminated in the network.

For simulation, we consider a finite-size network where
the locations of nodes follow a homogeneous PPP. Also, the
pathloss exponent α is set to 4 and the minimum received
signal power at the network edge is set to −38dB when
the network radius is 5(m) and the transmitter is located
at the origin. The average throughput Rψε (D) is obtained
for the SA-pMRI, the SA-pMAI, the TDMA-pMRI, and
the TDMA-pMAI protocols, where the TDMA-pMRI and
the TDMA-pMAI protocols are Genie-aided TDMA MAC
protocols similar to that in [12]. In those Genie-aided TDMA-
based protocols, several distant nodes form a group and the
nodes in the same group transmit signals simultaneously. The
nodes in different groups are allocated in different time slots
to reduce the interference power from other transmitters. Here,
the group size yielding the best D-RATC is used for each value
of λe among candidates.

Figure 10 shows Rϕε (D) for ϕ ∈ {pMRI, pMAI,TpMRI
,TpMAI}. This figure confirms that a simple practical
scheme, such as the SA-pMRI or the SA-pMAI protocol,
achieves the optimal capacity scaling although the typical D-
RATC assumption and the equidistant hop assumption are re-
laxed. However, the pre-constant is significantly different from
that of the Genie-aided TDMA protocol, which implies that it
would be fruitful to devise a better interference control scheme
to improve the D-RATC of a delay-constrained wireless ad hoc
network.

VI. CONCLUSION

In this paper, a performance metric, called the D-RATC,
which is a delay-constrained transport capacity with a random
access MAC protocol is introduced and analyzed for random
networks using simple SA-based MAC protocols. Most typical
transmission control policies for wireless ad hoc networks are
classified and simplified as multi-hop control, rate control, ad-
mission control, and interference control and then the D-RATC
of a random network using a SA-based MAC protocol with
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arbitrary combination of the above four additional features is
analyzed in terms of the scaling exponent.

The analytic result reveals that the D-RATC is Θ(0) for the
SA-M, SA-I, SA-A, SA-MI, or SA-MA protocol, Θ(λ

−α/2+1
e )

for the SA-R or SA-RI protocol, and Θ(1) for the SA-RI,
SA-AI, SA-MRI, or SA-MAI protocol, which implies that
the optimal scaling of Θ(1) for a delay-constrained random
network [12] can be achieved by using a simple SA-based
MAC protocol when interference control is used with an
additional feature such as rate control or admission control.
Without an additional feature, it is shown that an SA-based
MAC protocol with interference control only cannot achieve
the optimal scaling because it does not guarantee the packet
delivery within the delay constraint. Also, it is shown that,
differently from the case without delay constraint shown in
[11], multi-hop control improves the D-RATC pre-constant
but cannot improve the D-RATC scaling.

It is also shown how the optimal values of the controllable
parameters change according to the source density λe. When
interference control is used with rate control (or admission
control), the e2e access probability should be kept unity while
decreasing transmission rate (or transmission coverage) as λe
increases until λe reaches a certain threshold and then the e2e
access probability should be decreased inversely proportional
to λe without further change in the transmission rate (or
transmission coverage). Also, simulation results confirmed that
the optimal scaling can be achieved over a finite random static
network even by using a simple and practical MAC protocol
inspired from the SA-MRI or the SA-MAI.

APPENDIX A

From (2), as λe → ∞, the SINR ccdf of the SA-M protocol
becomes

lim
λe→∞

p

(
d

N
, r, qe

)

= lim
λe→∞

exp

(
− 2r − 1

( dN )−α P
N0

− qeqpλe(2
r − 1)

2
αKα

(
d

N

)2
)

= 0 (30)

regardless of N ≤ D for any given constants r and qe. Thus,
limλe→∞ UM

ε (D|d) = φ, which implies aMε (D) = −∞.
For the SA-protocol, the SINR ccdf p(d/N, r, qe) is a

monotonically decreasing function of r so that UR
ε (D|d) can

be rewritten as

UR
ε (D|d) = {(d, r, qe)

| 0 < r ≤ log2(1 + β(N, qe)), given d and qe } , (31)

where β(N, qe) is the value satisfying the equality
p(d/N, log2(1+β(N, qe)), qe) = pε(D,N)/qp. Let x1(N) =
(d/N)−αP/N0 and x2(N) = qpKα(d/N)2. Then, β(N, qe)
can be upper and lower bounded as

βlb(N, qe) ≤ β(N, qe) ≤ min
(
βub(N, qe), β

ub
I (N, qe)

)
,

(32)

where

βub(N, qe) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1
x1(N)+qeλex2(N) log

(
qp

pε(D,N)

)
,

for β(N, qe) ∈ (0, 1),(
1

x1(N)+qeλex2(N) log
(

qp
pε(D,N)

))α
2

,

for β(N, qe) ∈ [1,∞),
(33)

βlb(N, qe) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(
1

x1(N)+qeλex2(N) log
(

qp
pε(D,N)

))α
2

,

for β(N, qe) ∈ (0, 1),
1

x1(N)+qeλex2(N) log
(

qp
pε(D,N)

)
,

for β(N, qe) ∈ [1,∞),
(34)

and

βub
I (N, qe) =

(
1

λeqex2(N)
log

(
qp

pε(D,N)

))α
2

, (35)

because the upper and the lower bounds in (33)
and (34) are respectively obtained from the facts
that exp

(
− (x1(N) + qeλex2(N)) (2r − 1)

2
α

)
<

p
(
d
N , r, qe

)
< exp (− (x1(N) + qeλex2(N)) (2r − 1))

for r ∈ (0, 1) and exp (− (x1(N) + qeλex2(N)) (2r − 1)) ≤
p
(
d
N , r, qe

) ≤ exp
(
− (x1(N) + qeλex2(N)) (2r − 1)

2
α

)
for r ∈ [1,∞) and the upper bound in (35) is
obtained from an upper bound of p(d/N, r, qe), given

by p (d/N, r, qe) < exp
(
−λeqex2(N)(2r − 1)

2
α

)
. Note that

the scaling exponent of β(N, qe) is also bounded as

lim
λe→∞

log
(
βlb(N, qe)

)
log(λe)

≤ lim
λe→∞

log (β(N, qe))

log(λe)

≤ min

(
lim

λe→∞
log
(
βub(N, qe)

)
log(λe)

, lim
λe→∞

log
(
βub
I (N, qe)

)
log(λe)

)
,

(36)

in which limλe→∞
log βlb(N,qe)

log λe
= −α

2 , limλe→∞
log βub(N,qe)

log λe

= −1 for β(N, qe) ∈ (0, 1), and limλe→∞
log βub

I (N,qe)
log(λe)

=

−α
2 . For λe > log(qp/pε(D,N))/(qex2(N)), β(N, qe) ∈

(0, 1) so that the scaling exponent of β(N, qe) is obtained
as

lim
λe→∞

log(β(N, qe))

log(λe)
= −α

2
. (37)

Then, ãRε (D) is obtained as

ãRε (D) = lim
λe→∞

log
(
dmax(d,r,qe)∈UR

ε (D|d) qer
)

logλe

= lim
λe→∞

log
(
max(d,r,qe)∈UR

ε (D|d) r
)

logλe

= lim
λe→∞

log (log2(1 + β(N, qe)))

logλe

= lim
λe→∞

log (β(N, qe)/log 2)

logλe

= −α
2
. (38)

Here, the second equality holds because d and qe are con-
stants, the third equality holds because log2(1 + β(N, qe)) is
the maximum value of r, the fourth equality holds because
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log2(1 + x) = x/ log(2) as x → 0, and the fifth equality
holds from (37). Also, the set of controllable parameter vectors
of the SA-MR protocol can be written as UMR

ε (D|d) =⋃D
N=1 U

R
ε (D|d). Then, ãMR

ε (D) is similarly obtained as

ãMR
ε (D) = lim

λe→∞
log
(
dmax(d,r,qe)∈UMR

ε (D|d) qer
)

logλe

= lim
λe→∞

log (max1≤N≤D log2(1 + β(N, qe)))

logλe

= −α
2
. (39)

APPENDIX B

For the SA-I protocol, the SINR ccdf p(d/N, r, qe) is a
monotonically decreasing function of qe so that UI

ε(D|d) can
be rewritten as

UI
ε(D|d) = {(d, r, qe)

| 0 < qe ≤ min (q̂e(N, r), 1) , given d and r} , (40)

where q̂e(N, r) is the value satisfying the equality
p
(
d
N , r, q̂e(N, r)

)
= pε(D,N)/qp, which is given by

q̂e(N, r) =
N2

λeqp(2r − 1)
2
αKαd2

×
(
log

qp
pε(D,N)

− dα
2r − 1

NαP/N0

)
, (41)

for d < dAWGN(N, r) �
(

NαP
(2r−1)N0

log
qp

pε(D,N)

)1/α
. For d ≥

dAWGN(N, r), q̂e(N, r) ≤ 0, which implies UI
ε(D|d) = φ.

Similarly for the SA-MI protocol, UMI
ε (D|d) can be rewritten

as

UMI
ε (D|d) =

D⋃
N=1

{(d, r, qe)∣∣∣∣dn =
d

N
, 0 < qe ≤ min(q̂e(N, r), 1), a given r

}
,

(42)

which is not empty only when d <
maxN∈{1,2,··· ,D} dAWGN(N, r). Without a control on
the distance, the e2e distance of some e2e links can
be greater than dAWGN(N, r) in the SA-I protocol and
maxN∈{1,2,··· ,D} dAWGN(N, r) in the SA-MI protocol,
which implies that UI

ε(D|d) = φ and UMI
ε (D|d) = φ (i.e.,

aIε(D) = aMI
ε (D) = −∞) for some e2e links in a network.

For the SA-RI protocol, the delay constraint can be satisfied
by controlling the transmission rate r for qe ∈ (0, 1] so that
URI
ε (D|d) can be rewritten as

URI
ε (D|d) = {(d, r, qe)
| qe ∈ (0, 1], 0 < r ≤ log2(1 + β(N, qe)), a given d}.

(43)

From (32) in Appendix A, we obtain

max
qe∈(0,1]

qe log2(1 + β(N, qe))

≤ max
qe∈(0,1]

min
(
qeβ

ub(N, qe), qeβ
ub
I (N, qe)

)
≤ min

(
max
qe∈(0,1]

qeβ
ub(N, qe), max

qe∈(0,1]
qeβ

ub
I (N, qe)

)
,

(44)

where the first inequality holds since log2(1 + x) ≤
x/ log 2 for x ∈ R and the second inequality holds
because maxx∈Rmin(f(x), g(x)) ≤ maxx∈R f(x) and
maxx∈Rmin(f(x), g(x)) ≤ maxx∈R g(x). In (44), the opti-
mal qe to maximize qeβub(N, qe), qube , is obtained as

qube =

{
1, for β(N, qe) ∈ (0, 1),

x1(N)
λex2(N)(α/2−1) , for β(N, qe) ∈ [1,∞),

(45)

because, for β(N, qe) ∈ (0, 1),

d
(
qeβ

ub(N, qe)
)

dqe

=
d

dqe

(
qe

x1(N) + qeλex2(N)
log

(
qp

pε(D,N)

))

=
1

x1(N) + qeλex2(N)
log

(
qp

pε(D,N)

)

− qeλex2(N)

(x1(N) + qeλex2(N))
2 log

(
qp

pε(D,N)

)

=
x1(N)

(x1(N) + qeλex2(N))
2 log

(
qp

pε(D,N)

)
> 0 (46)

and, for β(N, qe) ∈ [1,∞),

d
(
qeβ

ub(N, qe)
)

dqe

=
d

dqe

[
qe

(
1

x1(N) + qeλex2(N)
log

(
qp

pε(D,N)

))α
2

]

=

(
1

x1(N) + qeλex2(N)
log

(
qp

pε(D,N)

))α
2

×
(
1− α

2

qeλex2(N)

x1(N) + qeλex2(N)

)
(47)

becomes zero at qe =
x1(N)

λex2(N)(α/2−1) . Thus, we obtain

max
qe∈(0,1]

qeβ
ub(N, qe)

=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1
x1(N)+qeλex2(N) log

(
qp

pε(D,N)

)
,

for β(N, qe) ∈ (0, 1),
(α2 −1)α/2−1 α

2
−α/2

λex2(N)x1(N)α/2−1

(
log
(

qp
pε(D,N)

))α/2
,

for β(N, qe) ∈ [1,∞).

(48)

Also, it is straightforward that

sup
qe∈(0,1]

qeβ
ub
I (N, qe) = ∞, (49)

since qeβub
I (N, qe) ∝ q

1−α/2
e . From (48) and (49), the scaling

exponent of the upper bound in (44) is given as

lim
λe→∞

logmin

(
max
qe∈(0,1]

qeβ
ub(N, qe), max

qe∈(0,1]
qeβ

ub
I (N, qe)

)
logλe

= −1. (50)
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From (32) in Appendix A, we obtain

max
qe∈(0,1]

qe log2(1 + β(N, qe))

≥ max
qe∈(0,1]

qe log2(1 + βlb(N, qe))

≥ Aλ−1
e log2(1 + βlb(N,Aλ−1

e )), (51)

where A ∈ (0,∞) and λe ≥ A. If qe = Aλ−1
e , then βlb(N, qe)

is given by

βlb(N,Aλ−1
e ) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(
1

x1(N)+Ax2(N) log
(

qp
pε(D,N)

))α
2

,

for β(N,Aλ−1
e ) ∈ (0, 1),

1
x1(N)+Ax2(N) log

(
qp

pε(D,N)

)
,

for β(N,Aλ−1
e ) ∈ [1,∞),

(52)
which implies

lim
λe→∞

log
(
Aλ−1

e log2
(
1 + βlb(N,Aλ−1

e )
))

logλe
= −1. (53)

Similarly as in Appendix A, ãRI
ε (D) and ãMRI

ε (D) can be
respectively written as

ãRI
ε (D)

= lim
λe→∞

log
(
dmax(d,r,qe)∈URI

ε (D|d) qer
)

logλe

= lim
λe→∞

log
(
max(d,r,qe)∈URI

ε (D|d) qer
)

log λe

= lim
λe→∞

log
(
maxqe∈(0,1] qe log2(1 + β(N, qe))

)
logλe

(54)

and

ãMRI
ε (D)

= lim
λe→∞

log
(
dmax(d,r,qe)∈UMRI

ε (D|d) qer
)

logλe

= lim
λe→∞

log

(
max

1≤N≤D
max
qe∈(0,1]

qe log2 (1 + β(N, qe))

)
logλe

,

(55)

where UMRI
ε (D|d) = ⋃DN=1 U

RI
ε (D|d). Then, from (50) and

(53), we obtain ãRI
ε (D) = ãMRI

ε (D) = −1.

APPENDIX C

If admission control is used, the e2e distance d should be
among d ∈ (0, dmax] so that ãϕε (D), ϕ ∈ {A,MA,AI,MAI},
can be redefined from (25) as

ãϕε (D) =

⎧⎪⎨
⎪⎩

limλe→∞
log

(
dmax max(d,r,qe)∈U

ϕ
ε (D|dmax) qer

)

log(λe)
,

if dmax > 0,
−∞, if dmax = 0.

For the SA-A and the SA-MA protocols, upper bounds on
dmax to satisfy the delay constraint are respectively given by

dmax ≤
√

N2

qeqpλe(2r − 1)2/αKα
log

(
qp

pε(D,N)

)
(56)

and

dmax ≤ max
N∈{1,2,··· ,D}

N

√
log

qp
pε(D,N)

× 1√
qeqpλe(2r − 1)2/αKα

(57)

from the fact that p (d/N, r, qe) ≤ exp
(
−qeqpλe(2r − 1)

2
α

Kαd
2N−2

)
. Thus, limλe→∞ dmax = 0 for the SA-A and SA-

MA protocols, which implies that ãAε (D) = ãMA
ε (D) = −∞.

For the SA-AI protocol, if d is controlled as d <
dAWGN(N, r), UAI

ε (D|d) can be rewritten as

UAI
ε (D|d)
= {(d, r, qe) | 0 < qe ≤ min (q̂e(N, r), 1) , given d and r}

= φ (58)

from (40). Since dAWGN(N, r) does not vanish as λe → ∞, it
is straightforward that dmax also does not vanish as λe → ∞.
Then, similarly as in Appendix A, ãAI

ε (D) and ãMAI
ε (D) can

be respectively written as

ãAI
ε (D) = lim

λe→∞
log
(
dmax(d,r,qe)∈UAI

ε (D|d) qer
)

logλe

= lim
λe→∞

log
(
max(d,r,qe)∈UAI

ε (D|d) qe
)

logλe

= lim
λe→∞

log (q̂e(N, r))

logλe
= −1 (59)

and

ãMAI
ε (D) = lim

λe→∞
log
(
dmax(d,r,qe)∈UAI

ε (D|d) qer
)

logλe

= lim
λe→∞

log
(
maxN∈{1,2,··· ,D} q̂e(N, r)

)
logλe

= −1, (60)

where UMAI
ε (D|d) = ⋃DN=1 U

AI
ε (D|d), because

lim
λe→∞

log(q̂e(N, r))

log(λe)
= −1 (61)

from (41).
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