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Abstract—In this paper, detailed cross-correlation properties
for Chu sequences are investigated. All possible values of the
cross-correlation function of Chu sequences are derived for any
given sequence length and lag, and the maximum magnitude
distribution function
, which is defined as the number of all
Chu sequence pairs with length- whose maximum magnitude
, is obtained. Also, good
of the cross-correlation function is
lower and upper bounds on the maximum number of available
Chu sequences and a construction algorithm for the corresponding
partial Chu sequence set are proposed when the maximum magnitude of the cross-correlation among the sequences is constrained.
Numerical examples show that the proposed bounds are quite
tight and the proposed construction algorithm is near-optimal up
to fairly large value of .

a variety of wireless communication applications, in which typical examples are the design and the performance analysis of
spreading sequences [13] or preamble/pilot patterns [14], [15].
A set of Chu sequences with lengthis defined as
[9], where
1
and the
element of
,
, is
defined as

Index Terms—Chu sequences, cross-correlation function, distribution, maximum magnitude, maximum number of available Chu
sequences.

tion of

I. INTRODUCTION

I

N general, it is desired to design a set of sequences with
an impulsive autocorrelation function and a zero cross-correlation function for many practical applications. However, according to the bounds in [1]–[5], it is known to be impossible
to construct such an ideal set of sequences and searching large
families of sequences with good auto-correlation function and
cross-correlation function properties has been one of the most
interesting topics in sequence design. For evaluating the correlation properties, one good choice is to use the maximum sidelobe magnitude of the autocorrelation function of a sequence
with length- and the maximum magnitude of the crosscorrelation function of two sequences and with length- ,
which are respectively denoted as
and
. Among
well known good sequences are Kasami [6], Gold [7], Chu [8],
[9] and complex four-phase [10] sequences. For Kasami and
Gold sequences, it was shown that there are
sequences
satisfying
and
[6], [7].
For four-phase sequences, the number of sequences satisfying
and
is
[10]. In addition, the detailed cross-correlation properties of such sequences
have been reported in [11], [12] and have been widely used in
Manuscript received January 13, 2011; revised August 03, 2011; accepted
August 15, 2011. Date of publication August 30, 2011; date of current version January 06, 2012. This work was supported by the MKE (The Ministry
of Knowledge Economy), Korea, under the ITRC (Information Technology Research Center) support program supervised by the NIPA (National IT Industry
Promotion Agency) (NIPA-2011-C1090-1121-0007).
J. W. Kang, B. H. Ko, and K. S. Kim are with the Department of Electrical
and Electronic Engineering, Yonsei University, Seoul 120-749, Korea (e-mail:
ks.kim@yonsei.ac.kr).
Y. Whang is with the School of Electrical Engineering and Computer Science,
Oregon State University, Corvallis, OR 97331 USA.
Communicated by N. Y. Yu, Associate Editor for Sequences.
Digital Object Identifier 10.1109/TIT.2011.2166244

(1)
and
denotes the modulowhere
operation. It was shown that the periodic autocorrelation funcwith lag- ,

,

satisfies the perfect auto-correlation function property as
, where
is the Kronecker delta
function. Also, the cross-correlation function
of
and
with lag- is defined as

,

and certain pairs of Chu sequences meet the lower bound,
, when
[17]. However, more detailed cross-correlation properties have not been
reported yet.
In this paper, we derive general properties for the cross-correlation function of Chu sequences. For the Chu sequence set
, we obtain the magnitude of the cross-correlation function between
,
at lag- ,
, and the maximum magnitude distribution function
. Here, the maximum magnitude distribution function
is defined as the
number of all sequence pairs from
whose maximum magnitude of the cross-correlation function is
. Let
denote the partial Chu sequence set for a given
and
be the collection of all subsets of
satfor any
isfying
and any two elements
. Then, the maximum number
of available Chu sequences for a given ,
, is defined as
, where
denotes the cardinality
of a set , and we obtain lower and upper bounds on
and provide a partial sequence set construction algorithm corresponding to the lower bound.
The remaining of this paper is organized as follows. Section II
describes the magnitude of the cross-correlation function of Chu
sequences and Section III investigates the maximum magnitude distribution and the number of available Chu sequences
for given maximum cross-correlation value and the sequence
length. Finally, Section IV concludes this paper.
1Here,
denotes the greatest common divisor (gcd) of two integers
and
and . Note that, for an integer ,
[16].
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II. CHARACTERISTIC OF THE CROSS-CORRELATION FUNCTION
OF CHU SEQUENCES
The following theorem provides what are the possible values
that the cross-correlation function of Chu sequences can take.
Definition 1: For
, define
and
. Then, is relatively prime with .
Also, for a given lag- , define
and
, so
that
.
Theorem 1: The magnitude of the cross-correlation function
,
, is given as
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III. MAXIMUM MAGNITUDE DISTRIBUTION FUNCTION
Theorem 1 tells us that the maximum value of the cross-correlation function between
and
depends only on . As
shown in [17], when
and is relatively prime, i.e,
,
meets the lower bound of
. On the other hand,
,
becomes the largest value of .
when
However, it has not yet been investigated the entire distribution
function
of
denoting the number of all pairs
,
, satisfying
.
A. Uniform Property
can be represented as

Definition 2: Any integer
(2)
and the maximum magnitude of the cross-correlation function
,
, is given as

(3)
To prove Theorem 1, the following lemma may be useful.
Lemma 1: The squared magnitude of the cross-correlation
function is given as
even
odd.
(4)
The proof of Lemma 1 is given in Appendix A and the proof of
Theorem 1 is given as follows.
Proof of Theorem 1: First, consider the case where and
are even or is odd. When and are even,
and when
is odd, should be odd and
is
even. Then, from Lemma 1, we obtain
(5)
in both cases. Since
which implies

,

is relatively prime with ,
. Thus,

, where

denotes the

of . Let’s define
,
is
smallest prime factor of
and
the
for
. Also, for any set of
integers , define
and
.
. Also, for
From Theorem 1,
given ,
and , it is easily seen that
and
is the set of differences between and the indices of all Chu
sequences satisfying
. Then,
denotes the number of the sequences in
whose maximum
magnitude of the cross-correlation function with
is
.
The main result of this subsection is given in the following
theorem.
Theorem 2: For any

,
for any

. Thus,
, where

denotes the Euler’s totient function [16] for
.

a given

Proof: See Appendix B.
B. Distribution
is

The maximum magnitude distribution function
given in the following theorem.
Theorem 3: For

.
Now, consider the case where is even and
is odd. Since
and
is even, should be odd. If is odd,
is
odd and
is even, which implies
is always
from Lemma 1 as
even. Thus, we can rewrite

smallest prime factor

,

is given as
(7)

where
, i.e.,

is the exponent of the
for

prime factor

of

(6)
where

, which concludes the proof.

(8)
.
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Fig. 1. Normalized distribution function,
71, 72, 74, and 75.

, for

Let

and

Fig. 2. Normalized distribution function,
1020, 1021, 1024, and 1027.

.

cross-correlation is investigated. The main result is given in
Theorem 4.

. Then,
when
is odd and
and
Proof: See Appendix C.

Note that

denotes

the number of all possible auto-correlation functions (i.e., the
,
, denotes the
number of sequences) and
number of all cross-correlation functions (i.e., the number of
sequence pairs) with the maximum magnitude of
. Figs. 1
and 2 respectively compare the normalized distribution function
for
and
. As expected from Theorem 3, for
,
is concentrated at
except
and
for
,
is concentrated at
except
. On the other hand, for
,
,
,
and
,
is spread over 9, 6, 16, 10, and
4 divisors, respectively.
IV. MAXIMUM NUMBER OF AVAILABLE CHU SEQUENCES
In this section, the maximum number of available Chu
sequences satisfying a given maximum magnitude of the

, for

, define
as the collection of all partial
Chu sequence sets when the maximum magnitude of the
cross-correlation function is constrained to be less than and
as the maximum number of available
Definition 3: For

Chu sequences at given .
Definition 4: For

and

, define

,
,
and

for any

.

Definition 5: Define
for any

,
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Fig. 3. Maximum number of available Chu sequences,
128, and 160.

,

,

64, 96,

and

.
requires an exponential
Note that although finding
and calculate
complexity of , we can construct
in a polynomial complexity of so that
and
can
be easily found via computer search.
Theorem 4: For a given
,
.
Proof: Consider the upper bound part. For
,
for any
and any integer because the difference of any two distinct elements in
is an integer multiple of and then the GCD between its difference and
is at least . Suppose that
.
Since
,
and
are mutually
exclusive so that
. Also, when
,
we can pick at most one element in
, which proves
. The lower bound part is straightforward
, which concludes the proof.
since
In order to show that the bounds in Theorem 4 are
very tight, we constructed
and obtained
using computer search for
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Fig. 4. Maximum number of available Chu sequences,
1024, 1536, and 2048.

,

512,

and the length of
from 21 up to 3000, compared the
lower bound
to the upper bound
and
found that both bounds are equal in 99.98% among all
29800 cases with only three exceptional cases of
,
and
.
In

Figs.

3

and

4,

is

plotted
for
, which shows
that
increases step-wisely. For similar size
of , the number of the steps increases while the height of
each steps decreases as the number of divisors increases.
V. CONCLUSIONS
In this paper, we investigated detailed cross-correlation properties for Chu sequences and obtained that i) the possible values
of the magnitude of the cross-correlation function
depends only on the GCD between and
, ii) the maximum
magnitude distribution function among a given Chu sequence
set in a closed form as in Theorem 3, which shows that the maximum magnitude distribution tends to spread out as the number
of divisors increases, and iii) the upper and lower bounds on
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the maximum number of available Chu sequences satisfying a
given cross-correlation constraint and the corresponding partial
Chu sequence set construction algorithm. Numerical examples
show that the proposed bounds are quite tight and the proposed
construction algorithm is near-optimal up to fairly large value
of .

where the fourth equality comes from the fact that
because
is relatively prime with .
When is an odd number, we can rewrite
as

similarly

APPENDIX
A) Proof of Lemma 1: When
rewrite
as

is an even number, we can
(13)

(9)
Then, the squared magnitude,

Here, the last term is again periodic with period
be similarly rewritten as

and (13) can

, is given as

(14)

(10)
is even when is even because both and should
Here,
be odd and each summand in (10) is periodic with
because
the last term in (10) is periodic with period as follows.

which concludes the proof.
B) Proof of Theorem 2: The following lemmas are useful
for the proof of Theorem 2.
Lemma B-1: Let
for any two different integers
because

. Then,
and

,

.
(11)
Then, (10) can be rewritten as

Lemma B-2: Let and be positive integers satisfying
. Then, for a positive integer ,
, where is an arbitrary integer, contains integer
multiples of .
Proof: The
element of ,
, can
be represented as
, where
and
mod are uniquely determined from [21]. Let
be the partition of , where
.
Then, each
contains exactly one integer multiple of since
, which concludes the proof.
Then, the proof of Theorem 2 is now given as follows.
Proof of Theorem 2: Let
. Then,
. When
,
regardless
of because
for any integer
. Thus,
. When
,
can be
rewritten for a given

(12)

as
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as
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. Then, the set of all divisors of
can be written
. Note that
and

(15)
, there always exist
integer multiples
If
of
among the elements in
from Lemma B-2.
If
,
should be a divisor of since
is a
prime number. Thus, there is no integer multiple of among
the elements in
since is relatively prime with
. Thus,
does not depend on as long as
. Let
be an arbitrary subset of
and
denote
the
smallest element of . Then, for a given index
,

set
where
exist

,
. Then,

for
, and
can be

rewritten as

. Similarly, if
, there
integer multiples of among the elements in

should be an integer multiple of
Since is relatively prime with all
is no integer multiple of

,

for some
,

.
, there

in

. Thus,

does not depend on

as long

. Thus, from (15),
. Also, since
does not depend on
,

B-1,

. Let

,

from Lemma B-2 and if

as

because
any integer

as long as
.

for any
from Lemma
. Since
(17)

C) Proof of Theorem 3:
,

Lemma C-1: When

is given as
When
written as

, (i.e.,

),

can be

if
if
otherwise.
(16)
,

Proof: When

, which implies
When

there are

,

.
,

integer multiples of
in
. When

(18)
. Since
,
,
. Note that
.

Since

,
.

Then, the sketch of the proof of Theorem 3 is as follows. When
, (7) holds from Lemma C-1. Suppose that (7) holds for
when
and let

where the third equality comes from the fact that
for
. From Lemma
B-2, it is easily seen that
and
when
since there
exist
integer multiples of
in
.
Note that
and
. Thus, when
,
is given as

(19)
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because

,
so that

and

. When

,
from Lemma B-2 and
for

. Thus,

,
similarly
since
is

given as

(20)
because

,
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so that
Finally from (8),
(i.e., is odd). When

and
.
as long as
and
(i.e., is even),
, which concludes the proof.
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