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Abstract—In this paper, optimal pilot sequence designs for
MIMO-OFDM systems in multi-cell environments are provided.
The proposed multi-cell optimality criterion is to minimize the
worst-case MSE of an LS-based channel estimator. To satisfy
the multi-cell optimality, it is found that the pilot sequence
set, having the perfect auto-correlation property, should meet
the Welch bound and the maximum magnitude of the cross-
correlation function should be further minimized. Multi-cell
optimal pilot sequence designs for various pilot types and their
DFT representations are proposed by adopting Chu sequences
and a tight upper-bound on the maximum size of the pilot
sequence set is derived for a given pilot sequence length and
the maximum allowed cross-correlation value. Simulation results
show that the proposed pilot sequences can improve both the
MSE performance and the system performance in multi-cell
environments.

Index Terms—Channel estimation, MIMO-OFDM, pilot se-
quences.

I. I NTRODUCTION

ORTHOGONAL frequency division multiplexing
(OFDM) has attracted a lot of attention due to its high

data rate transmission capability, simple implementation and
robustness against frequency selective fading channels. Thus,
the combination of the capacity enhancement of multiple
input multiple output (MIMO) with the robustness of OFDM
against frequency-selective fading is considered as the most
promising transmission scheme for wireless communications
[1]–[4]. However, in MIMO systems, the accuracy of
channel estimation becomes more and more crucial in
comparison with single-input single-output systems due to the
simultaneous transmission of signals from different antennas
causing the multiple co-channel interference [4]–[11]. This
issue highlights a good design of pilot sequences and high
channel estimation accuracy is an essential requirement to
achieve the full potential performance of MIMO-OFDM
systems. In [7][8], pilot sequences using phase-shift of
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MIMO-OFDM systems in the frequency domain (FD) using
phase-shift orthogonal sequences (circular-shift orthogonality
in the time domain (TD)) [9][10]. Furthermore in [11], a
general pilot sequence design criterion was proposed for
various pilot structures by minimizing the channel estimation
mean square error (MSE) in which the sequences in [9][10]
are included as special cases. Here, pilot sequence structures
were classified into three types : code-division multiplexing
(CDM), frequency-division multiplexing (FDM) and a hybrid
one combining both (HDM). However, although these pilot
sequences are optimal for the single-cell environment, these
are definitely not optimal for cellular systems due to the
inter-cell interference (ICI) [12].

Since the MSE of the channel estimator depends on the
signal to noise ratio (SNR) and the correlation function
between pilot sequences, it is important to select a good
root sequence with good correlation function properties. In
[13], pilot sequences yielding a zero variation coefficient
(the root mean square of interference power divided by the
mean) were designed using Chu sequences for multi-cell
MIMO-OFDM systems, which can be achieved only when
the magnitudes of the cross-correlation function are identical
for all possible lags. However, such a design is limited to
the case where the pilot sequence length is a prime number.
Otherwise, when the pilot sequence is not a prime number,
the variation coefficient cannot be zero and the MSE depends
on the delay differences among the desired and interfering
pilot signals. In addition, the MSE may be reduced by taking
the advantage of the sparsity of wireless channels, such
as the rank-reduced least square (LS) channel estimation,
possibly with a tap selection [7][14]–[16]. In this case, one
reasonable criterion is to minimize the worst-case MSE by
minimizing the maximum magnitude of the cross-correlation
function, which can be achieved when the magnitudes of the
cross-correlation functions among possible pilot sequences
are as uniform as possible for a given pilot length. It is well
known that some sequences have relatively good correlation
properties, such as pseudo-noise sequences or Chu sequences,
and have been adopted in many commercial cellular standards
such as the 3rd Generation Partnership Project Long Term
Evolution (3GPP-LTE) [17][18]. However, no explicit multi-
cell optimality is given for an arbitrary sequence length and
it is required to provide a multi-cell optimality criterion and
the corresponding pilot sequence design.

In this paper, a multi-cell optimality criterion is proposed
by minimizing the worst-case MSE for MIMO-OFDM
cellular systems. One of the main results of this paper is that,
for a given pilot length, the worst-case optimality is achieved
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when the pilot sequences satisfy the perfect auto-correlation
property and meet the Welch bound [19][20] for the full-rank
LS channel estimation, and the maximum magnitude of the
cross-correlation function should be further minimized so
that the distribution of the cross-correlation function is as
uniform as possible for a rank-reduced LS channel estimation,
possibly with a tap selection. According to the multi-cell
optimality criterion, the optimal pilot designs for various
pilot types are proposed in the TD and the FD, which is
another main result of this paper. Finally, a tight upper-bound
on the maximum number of supportable neighboring base
stations (BSs), i.e., the number of available multi-cell optimal
pilot sequences, is obtained for a given pilot length and
the maximum allowed cross-correlation value among the
sequences. The remaining of this paper is organized as
follows. In Section II, the system and signal model of a
multi-cell MIMO-OFDM system are described. In Section III,
the MSE of an LS-based channel estimation is derived in a
multi-cell environment and the multi-cell optimality criterion
is proposed in the sense of minimizing the worst-case MSE.
In Section IV, the multi-cell optimal pilot sequence designs
according to the three pilot types are proposed both in the TD
and the FD and the upper-bound on the number of available
sequences is provided. In Section V, the MSE performance
and the channel capacity considering the channel estimation
error using the proposed multi-cell optimal pilot sequences
are shown and compared with those using conventional pilots
via computer simulations. Finally, concluding remark is given
in Section VI.
𝑁𝑜𝑡𝑎𝑡𝑖𝑜𝑛 : Bold characters represent matrices or vectors.

Uppercase characters and lowercase characters represent FD
and TD signals, respectively. An𝑀 ×𝑀 identity matrix is
denoted asI𝑀 and a zero matrix of𝑀 × 𝑁 is denoted as
0𝑀×𝑁 . Also, Tr(A) of a square matrixA denotes the trace
of A, ∣B∣ stands for the cardinality of a setB and diag[c]
of an 𝑁 × 1 vector c denotes the𝑁 × 𝑁 diagonal matrix
with c on its diagonal. Furthermore,(⋅)∗, (⋅)T, (⋅)H and
(⋅)𝑁 denote the complex conjugate, transpose, Hermitian and
the modulo-𝑁 operation, respectively, and[⋅]𝑥,𝑦 denotes the
element in the𝑥th row and the𝑦th column of a matrix in the
bracket. Also,Z+ andZ (𝑁) denote respectively the set of
all natural numbers and the set of nonnegative integers less
than𝑁 , i.e,Z (𝑁) = {0, 1, ⋅ ⋅ ⋅ , 𝑁 − 1}.

II. SYSTEM MODEL

Fig. 1 shows the pilot sequence reuse pattern considered in
this paper, which is similar to the frequency reuse pattern in
cellular systems. Here, each BS’s index represents the index
of the allocated pilot sequence and𝑁𝐵 denotes the number
of neighboring BSs with each having𝑁𝑇 transmit antennas
according to the reuse pattern [21]. Also, we assume that a
whole OFDM symbol with𝑁 sub-carriers is used as a pilot
symbol and the same LS-based channel estimation, possibly
with a proper tap selection scheme [7][14]–[16] is performed
at receive antenna of each mobile station (MS) so that we need
to consider only one receive antenna. Since a typical cell ac-
quisition has been already done before performing the channel
estimation, we can assume that the average received SNR of

Fig. 1. An example of the pilot sequence reuse pattern :∣N𝐵 ∣ = 𝑖� +𝑗 � + 𝑖𝑗
(𝑖 = 2, 𝑗 = 1, ∣N𝐵 ∣ = 7 case).

the 𝑏th BS, Υ
(𝑏)
𝑞 = 𝑃 (𝑏)𝛼

(𝑏)
𝑞 /𝑁0, 𝑏 ∈ N𝐵 = Z (𝑁𝐵 + 1),

is available at the𝑞th MS, where𝑃 (𝑏) is the transmit power
of the 𝑏th BS, 𝛼(𝑏)𝑞 is the average attenuation factor between
the 𝑞th MS and the𝑏th BS including the path-loss and the
shadowing, and𝑁0 is the one-sided noise power spectral
density.

Let X(𝑏) = {X(𝑏)
𝑡 ∣𝑡 ∈ N𝑇 = Z (𝑁𝑇 )} be the FD pilot

sequence set of the𝑏th BS, given by

X
(𝑏)
𝑡 = [𝑋

(𝑏)
𝑡 (0) 𝑋

(𝑏)
𝑡 (1) ⋅ ⋅ ⋅ 𝑋(𝑏)

𝑡 (𝑁 − 1)]T, (1)

where
𝑁−1∑
𝑛=0

∣∣∣𝑋(𝑏)
𝑡 (𝑛)

∣∣∣2 = 1, (2)

and ∣∣∣𝑋(𝑏)
𝑡 (𝑛)

∣∣∣>0 only when𝑛∈M𝑡=
{
𝑛𝑡
0,⋅ ⋅ ⋅, 𝑛𝑡

𝑀

}
. (3)

Here,M𝑡 denotes the set of pilot symbol locations for the
𝑡th antenna and

∪𝑁𝑇−1
𝑡=0 M𝑡 = Z (𝑁). Let S(𝑏) denote the𝑏th

BS’s FD pilot signal matrix, which is given by

S(𝑏) =
[
S
(𝑏)
0 S

(𝑏)
1 ⋅ ⋅ ⋅S(𝑏)𝑁𝑇−1

]
, (4)

where

S
(𝑏)
𝑡 = [𝑆

(𝑏)
𝑡 (0) 𝑆

(𝑏)
𝑡 (1) ⋅ ⋅ ⋅ 𝑆(𝑏)

𝑡 (𝑁 − 1)]T (5)

is the FD signal vector on the𝑡th antenna of the𝑏th BS and

𝑆
(𝑏)
𝑡 (𝑛) =

√
𝑃 (𝑏)

𝑁𝑇
𝑋

(𝑏)
𝑡 (𝑛) (6)

is the transmitted signal at the𝑛th sub-carrier. Let𝑊𝑁 (𝑖) =
exp

(
𝑗 2𝜋𝑖𝑁

)
and the inverse discrete fourier transform (DFT)

is performed to obtain

𝑠
(𝑏)
𝑡 (𝑘) =

√
𝑃 (𝑏)

𝑁𝑇
𝑥
(𝑏)
𝑡 (𝑘) , (7)
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where 𝑥
(𝑏)
𝑡 (𝑘) = 1√

𝑁

∑𝑁−1
𝑛=0 𝑋

(𝑏)
𝑡 (𝑛)𝑊𝑁 (𝑛𝑘) for 𝑘 =

0, ⋅ ⋅ ⋅ , 𝑁 − 1 and the transmitted TD signal vector at the𝑡th

antenna is obtained after the cyclic prefix (CP) insertion as

s
(𝑏)
𝑡 =

[
𝑠
(𝑏)
𝑡 (𝑁−𝑁𝑔) ⋅ ⋅ ⋅ 𝑠(𝑏)𝑡 (0)⋅ ⋅ ⋅𝑠(𝑏)𝑡 (𝑁−1)

]
. (8)

To avoid the inter-symbol and inter-carrier interferences, we
assume that𝑁𝑔 > 𝐿+ 𝜏max, where𝑁𝑔 is the CP length,𝐿 is
the maximum length of channel taps and𝜏max is the maximum
time difference of the propagation delays among neighboring
BSs. Leth(𝑏)𝑞,𝑡 be the𝐿 × 1 sample-spaced channel impulse
response vector between the𝑡th antenna of the𝑏th BS and
the 𝑞th MS’s receive antenna, given as

h
(𝑏)
𝑞,𝑡 =

[
ℎ
(𝑏)
𝑞,𝑡 (0) ⋅ ⋅ ⋅ ℎ(𝑏)𝑞,𝑡 (𝐿− 1)

]T
, (9)

where ℎ(𝑏)𝑞,𝑡 (𝑙) denotes the𝑙th path gain. Here, we assume
that {h(𝑏)𝑞,𝑡 ∣ 𝑡 ∈ N𝑇 and 𝑏 ∈ N𝐵 } is a set of independent
Gaussian random vectors satisfying𝐸[h

(𝑏)
𝑞,𝑡 ] = 0𝐿×1 and

𝐸[h
(𝑏)
𝑞,𝑡h

(𝑏)H

𝑞,𝑡 ] = 𝝊
(𝑏)
𝑞,𝑡 , where

𝝊
(𝑏)
𝑞,𝑡 =

⎡
⎢⎢⎣

𝜐
(𝑏)
𝑞,𝑡 (0) ⋅ ⋅ ⋅ 0

...
...

...
0 ⋅ ⋅ ⋅ 𝜐

(𝑏)
𝑞,𝑡 (𝐿− 1)

⎤
⎥⎥⎦ , (10)

𝛼
(𝑏)
𝑞,𝑡 =

𝐿−1∑
𝑙=0

𝜐
(𝑏)
𝑞,𝑡 (𝑙), (11)

and

𝛼(𝑏)𝑞 =

𝑁𝑇−1∑
𝑡=0

𝛼
(𝑏)
𝑞,𝑡 . (12)

If the time and frequency synchronization are perfect at the
receiver, the received TD signal of the𝑞th MS at the𝑘th

instance after removing the CP is given by

𝑦𝑞(𝑘) =

𝑁𝐵∑
𝑏=0

𝑁𝑇−1∑
𝑡=0

𝐿−1∑
𝑙=0

𝑠
(𝑏)
𝑡 ((𝑘 − 𝑙)𝑁 )ℎ

(𝑏)
𝑞,𝑡 (𝑙) + 𝑛𝑞(𝑘), (13)

where𝑛𝑞(𝑘) is an independent and identically distributed addi-
tive white complex Gaussian noise sample with𝐸[𝑛𝑞(𝑘)] = 0
and𝐸[∣𝑛𝑞(𝑘)∣2] = 𝑁0. Let y𝑞 be the received TD pilot vector
at the𝑞th MS given by

y𝑞 = [𝑦𝑞(0) 𝑦𝑞(1) ⋅ ⋅ ⋅ 𝑦𝑞(𝑁 − 1)]
T
. (14)

Then, it can be rewritten in a matrix form as

y𝑞 =

𝑁𝐵∑
𝑏=0

s̃(𝑏)h(𝑏)𝑞 + n𝑞

=

𝑁𝐵∑
𝑏=0

√
𝑃 (𝑏)

𝑁𝑇
x̃(𝑏)h(𝑏)𝑞 + n𝑞,

(15)

where
s̃(𝑏) = [̃s

(𝑏)
0 s̃

(𝑏)
1 ⋅ ⋅ ⋅ s̃(𝑏)𝑁𝑇−1], (16)

x̃(𝑏) = [x̃
(𝑏)
0 x̃

(𝑏)
1 ⋅ ⋅ ⋅ x̃(𝑏)𝑁𝑇−1], (17)

and s̃(𝑏)𝑡 and x̃(𝑏)𝑡 are the𝑁 × 𝐿 toeplitz matrices, defined
respectively as

s̃
(𝑏)
𝑡 =

⎡
⎢⎢⎢⎢⎣

𝑠
(𝑏)
𝑡 (0) 𝑠

(𝑏)
𝑡 (𝑁 − 1) ⋅ ⋅ ⋅ 𝑠(𝑏)𝑡 (𝑁 − 𝐿 + 1)

𝑠
(𝑏)
𝑡 (1) 𝑠

(𝑏)
𝑡 (0) ⋅ ⋅ ⋅ 𝑠(𝑏)𝑡 (𝑁 − 𝐿 + 2)

...
...

. ..
...

𝑠
(𝑏)
𝑡 (𝑁 − 1) 𝑠

(𝑏)
𝑡 (𝑁 − 2) ⋅ ⋅ ⋅ 𝑠

(𝑏)
𝑡 (𝑁 − 𝐿)

⎤
⎥⎥⎥⎥⎦, (18)

x̃
(𝑏)
𝑡 =

⎡
⎢⎢⎢⎢⎣

𝑥
(𝑏)
𝑡 (0) 𝑥

(𝑏)
𝑡 (𝑁 − 1) ⋅ ⋅ ⋅ 𝑥(𝑏)𝑡 (𝑁 − 𝐿 + 1)

𝑥
(𝑏)
𝑡 (1) 𝑥

(𝑏)
𝑡 (0) ⋅ ⋅ ⋅ 𝑥(𝑏)𝑡 (𝑁 − 𝐿 + 2)

...
...

. . .
...

𝑥
(𝑏)
𝑡 (𝑁 − 1) 𝑥

(𝑏)
𝑡 (𝑁 − 2) ⋅ ⋅ ⋅ 𝑥

(𝑏)
𝑡 (𝑁 − 𝐿)

⎤
⎥⎥⎥⎥⎦, (19)

Also, h(𝑏)𝑞 is the𝐿𝑁𝑇 × 1 channel matrix defined as

h(𝑏)𝑞 = [h
(𝑏)T

𝑞,0 h
(𝑏)T

𝑞,1 ⋅ ⋅ ⋅h(𝑏)
T

𝑞,𝑁𝑇−1]
T, (20)

and n𝑞 = [𝑛𝑞 (0) , ⋅ ⋅ ⋅ , 𝑛𝑞 (𝑁 − 1)]
T is a zero-mean

white Gaussian vector with covariance matrixCov [n𝑞] =
𝐸

{
n𝑞n𝑞

H
}

= 𝑁0I𝑁 . Here, from (10)–(12), it is easily seen
that

𝐸
[
h(𝑎)𝑞 h

(𝑏)H

𝑞

]
=

{
𝝊
(𝑏)
𝑞 , 𝑎 = 𝑏,

0𝐿𝑁𝑇×𝐿𝑁𝑇 , 𝑎 ∕= 𝑏,
(21)

where

𝝊(𝑏)
𝑞 =

⎡
⎢⎢⎣

𝝊
(𝑏)
𝑞,0 ⋅ ⋅ ⋅ 0𝐿×𝐿

...
.. .

...
0𝐿×𝐿 ⋅ ⋅ ⋅ 𝝊

(𝑏)
𝑞,𝑁𝑇−1

⎤
⎥⎥⎦ . (22)

Let D(𝑏)
𝑎 = x̃(𝑎)

H

x̃(𝑏) and 𝑏𝑞 be the index of the target BS
of the 𝑞th MS, i.e., Υ(𝑏𝑞)

𝑞 ≥ Υ
(𝑏)
𝑞 for all 𝑏 ∈ N𝐵. Then, the

channel estimatêh(𝑏)𝑞 of h(𝑏)𝑞 is obtained as

ĥ(𝑏𝑞)𝑞 =𝜿𝑞

√
𝑁𝑇

𝑃 (𝑏𝑞)

(
D

(𝑏𝑞)
𝑏𝑞

)−1

x̃(𝑏𝑞)
H

y𝑞

=𝜿𝑞

⎛
⎝h(𝑏𝑞)𝑞 +

∑
𝑏∈N𝑞

𝐵

√
𝑃 (𝑏)

𝑃 (𝑏𝑞)

(
D

(𝑏𝑞)
𝑏𝑞

)−1

D
(𝑏)
𝑏𝑞
h(𝑏)𝑞

+

√
𝑁𝑇

𝑃 (𝑏𝑞)

(
D

(𝑏𝑞)
𝑏𝑞

)−1

x̃(𝑏𝑞)n𝑞

)
, (23)

whereN𝑞
𝐵 = N𝐵∖𝑏𝑞 and 𝜿𝑞 is the 𝐿𝑁𝑇 × 𝐿𝑁𝑇 diagonal

matrix whose diagonal elements are either 0 or 1, indicating
whether the corresponding channel taps are selected or not.
Note that𝜅𝑞 = Tr [𝜿𝑞] denotes the number of selected taps
and𝜿𝑞 = I𝐿𝑁𝑇 implies that the tap selection is not employed.

III. PROPOSEDMULTI -CELL OPTIMALITY CRITERION

For the purpose of the pilot sequence design, we can simply
assume that all channel taps of the𝑞th MS are selected so that
the diagonal elements of𝜿𝑞 in (23) according to the channel
taps are 1, i.e.,𝜿𝑞h

(𝑏𝑞)
𝑞 = h

(𝑏𝑞)
𝑞 . Then, theMSE𝑞 of the 𝑞th
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MS is obtained from (23) as

MSE𝑞 =

𝐸

[
Tr

{(
ĥ
(𝑏𝑞)
𝑞 − h(𝑏𝑞)𝑞

)(
ĥ
(𝑏𝑞)
𝑞 − h(𝑏𝑞)𝑞

)H
}]

𝐿𝑁𝑇𝐸
[
Tr

{
h
(𝑏𝑞)
𝑞 h

(𝑏𝑞)
H

𝑞

}]
=

1

𝐿Υ
(𝑏𝑞)
𝑞

Tr

{
𝜿𝑞

(
D

(𝑏𝑞)
𝑏𝑞

)−1
}

︸ ︷︷ ︸
MSE

(𝑏𝑞)
𝑞

(24)

+
∑

𝑏∈N𝑞
𝐵

Υ
(𝑏)
𝑞

𝐿𝑁𝑇Υ
(𝑏𝑞)
𝑞

Tr

[̃
𝝊(𝑏)
𝑞 D

(𝑏)H

𝑏𝑞

(
D

(𝑏𝑞)
𝑏𝑞

)−1

𝜿𝑞

(
D

(𝑏𝑞)
𝑏𝑞

)−1

D
(𝑏)
𝑏𝑞

]
︸ ︷︷ ︸

MSE
(𝑏)
𝑞

= MSE(𝑏𝑞)
𝑞 +

∑
𝑏∈N𝑞

𝐵

MSE(𝑏)
𝑞 ,

where𝝊̃(𝑏)
𝑞 = 𝝊

(𝑏)
𝑞 /𝛼

(𝑏)
𝑞 is the normalized multi-path intensity

profile between the𝑏th BS and the𝑞th MS. Then, the optimal
pilot design is to minimize (24) regardless of𝑞 (and thus𝑏𝑞,
{Υ(𝑏)

𝑞 }𝑏∈N𝐵 , 𝜿𝑞 and {𝝊(𝑏)
𝑞 }𝑏∈N𝐵 ). More specifically, define

𝜀𝑞

({
D

(𝑏)
𝑎

}
𝑎,𝑏∈N𝐵

∣∣∣∣Υ
(𝑏𝑞)
𝑞 , 𝐼𝑞, 𝜅𝑞

)
as the worst-case MSE of

the 𝑞th MS over all{𝝊(𝑏)
𝑞 }𝑏∈N𝑞

𝐵
, {Υ(𝑏)

𝑞 }𝑏∈N𝑞
𝐵

, 𝜿𝑞 satisfying∑
𝑏∈N𝑞

𝐵
Υ
(𝑏)
𝑞 = 𝐼𝑞 and Tr [𝜿𝑞] = 𝜅𝑞. Then, the optimization

problem in (24) can be rewritten as

𝝌∗=arg min
𝝌∈ℵ

𝜀𝑞

({
D(𝑏)

𝑎

}
𝑎,𝑏∈N𝐵

∣∣∣∣Υ(𝑏𝑞)
𝑞 , 𝐼𝑞, 𝜅𝑞

)
, (25)

whereℵ is the collection of all possible
{
D

(𝑏)
𝑎

}
𝑎,𝑏∈N𝐵

. If

there exists a sequence set{x̃(𝑏)}𝑏∈N𝐵 according to𝝌∗, it
is the optimal pilot sequence set in multi-cell environments.
First, consider the case of the rank-reduced LS channel
estimation, i.e., the rank is𝐿𝑁𝑇 and 𝜿𝑞 = I𝐿𝑁𝑇 , and the
following theorem shows the criterion that minimizes the
worst-case MSE.

Theorem 1:We can express the worst-case MSE at
given

{
D

(𝑏)
𝑎

}
𝑎,𝑏∈N𝐵

, Υ
(𝑏𝑞)
𝑞 , 𝐼𝑞 and𝜅𝑞 = 𝐿𝑁𝑇 as

𝜀𝑞

({
D(𝑏)

𝑎

}
𝑎,𝑏∈N𝐵

∣∣∣∣Υ(𝑏𝑞)
𝑞 , 𝐼𝑞, 𝜅𝑞 = 𝐿𝑁𝑇

)

=
1

𝐿𝑁𝑇Υ
(𝑏𝑞)
𝑞

⎧⎨
⎩
⎛
⎝𝐿𝑁𝑇−1∑

𝑖=0

𝑁𝑇

𝜆
(𝑏𝑞)
𝑏𝑞 ,𝑖

⎞
⎠ + 𝐼𝑞𝜇𝑏𝑞

⎫⎬
⎭ ,

(26)

where 𝜆
(𝑏)
𝑎,𝑖 is the 𝑖th eigenvalue of D(𝑏)

𝑎 , 𝜇
(𝑏)
𝑏𝑞,𝑗

=
𝐿𝑁𝑇−1∑

𝑖=0

∣∣∣∣[D(𝑏)
𝑏𝑞

]
𝑖,𝑗

/
𝜆
(𝑏𝑞)
𝑏𝑞 ,𝑖

∣∣∣∣2, 𝜇(𝑏)𝑏𝑞
= max

0≤𝑗<𝐿𝑁𝑇

𝜇
(𝑏)
𝑏𝑞,𝑗

and𝜇𝑏𝑞 =

max
𝑏∈N𝑞

𝐵

𝜇
(𝑏)
𝑏𝑞

. Then, it is lower-bounded as

𝜀𝑞

({
D(𝑏)

𝑎

}
𝑎,𝑏∈N𝐵

∣∣∣∣Υ(𝑏𝑞)
𝑞 , 𝐼𝑞, 𝜅𝑞 = 𝐿𝑁𝑇

)
≥𝜀𝑞

(
𝝌0∣Υ(𝑏𝑞)

𝑞 , 𝐼𝑞, 𝜅𝑞 = 𝐿𝑁𝑇

)
=

𝑁𝑇

Υ
(𝑏𝑞)
𝑞

+
𝐼𝑞

𝑁Υ
(𝑏𝑞)
𝑞

Δ
=MSEmin,

(27)

where 𝝌0 =
{
D̄

(𝑏)
𝑎

}
𝑎,𝑏∈N𝐵

, D̄
(𝑏𝑞)
𝑏𝑞

= I𝐿𝑁𝑇 and

𝐿𝑁𝑇−1∑
𝑖=0

∣∣∣∣[D̄(𝑏)
𝑏𝑞

]
𝑖,𝑗

∣∣∣∣2 = 𝐿𝑁𝑇

𝑁 for 𝑗 ∈ Z (𝐿𝑁𝑇 ).

Proof: See Appendix A.
Theorem 1 tells us that, in the case of using the full-rank

LS channel estimation (i.e.,𝑁 = 𝐿𝑁𝑇 ), the multi-cell
optimality criterion is achieved when the pilot sequence set,
having the perfect auto-correlation property (D

(𝑏)
𝑏 = I𝑁

for 𝑏 ∈ N𝐵), meets the Welch bound(
𝑁−1∑
𝑖=0

∣[D(𝑏)
𝑎 ]𝑖,𝑗 ∣

2
= 1

for 𝑏 ∈ N𝐵∖𝑎 and 𝑎 ∈ N𝐵), i.e., the pilot sequence set
should be a perfect sequence set and an Welch bound
equality (WBE) signal set [20]. Among well-known perfect
sequences are Heimiller [23], Frank [24], Ipatov [25], Chu
sequences [26], and the class of Chu sequences is the
largest and known to be WBE signal sets [27][28]. Thus,
it is a natural consequence to adopt the Chu sequences for
the design of the multi-cell optimal pilot sequence sets.
Also, it is easily seen that the single-cell optimal criterion
in [9]–[11] is the special case of Theorem 1 whenN𝐵 = {0}.

Corollary 1: WhenN𝐵 = {0}, the optimality condition
and the minimum MSE in Theorem 1 is

{
𝜆
(0)
0,𝑖 = 1

}
and

MSEmin = 𝑁𝑇

Υ
(0)
𝑞

, as in [9]–[11].

Now, consider the case of using a rank reduction
(𝑁 > 𝐿𝑁𝑇 ). Although the worst-case MSE of the LS
channel estimator is determined only by the total sum
of the squared magnitudes of the cross-correlation values
between the pilot sequences, the MSE of a rank-reduced LS
channel estimator depends only on the ICI at the selected
taps. Thus, the cross-correlation functions should be as
uniform as possible to obtain the multi-cell optimality in the

rank-reduced case. Also, let𝜃(𝑏)𝑏𝑞
= max

𝑖,𝑗∈Z(𝐿𝑁𝑇 )

∣∣∣∣[D(𝑏)
𝑏𝑞

]
𝑖,𝑗

∣∣∣∣
and 𝜃 = max

𝑏𝑞∈N𝐵 ,𝑏∈N𝑞
𝐵

𝜃
(𝑏)
𝑏𝑞

. Then, the multi-cell optimality

in Theorem 1 is almost achieved as long as𝜃2𝑁 ≪ 𝐿𝑁𝑇 ,
which will be confirmed from simulation results. In the case
of using a tap selection, we can assume that𝜅𝑞 ≪ 𝐿𝑁𝑇

and the worst-case MSE becomes highly dependent on𝜃 as
follows.

Corollary 2: For 𝝌0 in Theorem 1, if 𝜃 ≪ 1 and
𝜅𝑞≪𝐿𝑁𝑇, the worst-case MSE is upper-bounded as

𝜀𝑞

(
𝝌0∣Υ(𝑏𝑞)

𝑞 , 𝐼𝑞, 𝜅𝑞

)
≤ 𝜅𝑞
𝐿𝑁𝑇

(
𝑁𝑇

Υ
(𝑏𝑞)
𝑞

+
𝐼𝑞𝜃

2

Υ
(𝑏𝑞)
𝑞

)
. (28)

Proof: See Appendix B.
From the Welch bound, the minimum possible value of𝜃 is

1/
√
𝑁 when the sequence length is𝑁 , which is achieved only

when all cross-correlation values are the same. Note that the
variation coefficient becomes zero in this case. Although it is
well known that some sequence classes satisfy the condition
for special values of𝑁 (e.g., Chu sequence set with a
prime 𝑁 ), no known sequence class satisfies the condition
among the entire class for an arbitrarily given sequence length
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and we need to use a partial sequence set in which the
cross-correlation function of any two sequences satisfies the
condition. In addition, in order to increase the partial sequence
set size, we may relax the condition by setting the maximum
allowed cross-correlation value larger than1/

√
𝑁 . Note that

such a pilot design can be considered as a generalization of
that in [13] for an arbitrary pilot sequence length. In the next
section, the multi-cell optimal pilot designs according to the
three pilot types are proposed using Chu sequences both in
the TD and the FD and a tight upper-bound on the maximum
number of supportable neighboring BSs is obtained according
to each pilot type for given sequence length and the maximum
allowed cross-correlation value.

IV. OPTIMAL PILOT DESIGN USINGCHU SEQUENCES IN

MULTI -CELL ENVIRONMENTS

A set of Chu sequences with the length of𝑁 is defined as
C𝑁

𝑟 = {𝒂𝑁
𝑟 ∣ 𝑟 ∈ R𝑁 = {𝑟 ∈ Z𝑁 , gcd(𝑁, 𝑟) = 1}}, where

the (𝑘 + 1)th element of𝒂𝑁
𝑟 , 𝑎𝑁𝑟 (𝑘) is given by

𝑎𝑁𝑟 (𝑘) = 𝑊𝑁

(
𝑟𝑘 (𝑘 + (𝑁)2)

2

)
. (29)

In [26], it was shown that the periodic autocorrelation function

of 𝒂𝑁
𝑟 with lag-𝜏 , 𝜃𝑁𝑟 (𝜏) =

𝑁−1∑
𝑘=0

𝑎𝑁𝑟 (𝑘 + 𝜏)∗ 𝑎𝑁𝑟 (𝑘), satisfies

the perfect auto-correlation function property as

𝜃𝑁𝑟 (𝜏) = 𝑁𝛿𝐾 ((𝜏)𝑁 ) , (30)

where𝛿𝐾(⋅) is the Kronecker delta function. Furthermore, the
detailed properties of the cross-correlation function of the Chu
sequences are provided in[29] by the authors and some of
them will be used for the optimal pilot sequence design in the
following subsection.

A. Multi-cell optimal pilot sequence design

In this subsection, both TD pilot designs of the CDM,
FDM, and HDM types which satisfy the multi-cell optimality
criterion for given sequence length𝑁 and the maximum
allowed cross-correlation value𝜃.

Theorem 2: Suppose that𝑁 ≥ 𝐿𝑁𝑇 and 𝑁𝑇 = 𝑈𝑉 .
Let R𝑁

𝜃 be the largest partial index set ofR𝑁 satisfying
that, for any𝑟𝑎, 𝑟𝑏 ∈ R𝑁

𝜃 , gcd(𝑁, 𝑟𝑎 − 𝑟𝑏) ≤
√
𝑁𝜃. Then,

the following TD pilot sequence sets satisfy the multi-cell
optimality criterion as long as the maximum number of
supportable neighboring BSs (𝑁𝑆,𝐶 = ∣R𝑁

𝜃 ∣ for CDM,
𝑁𝑆,𝐹 = ∣R𝑁/𝑁𝑇

𝜃 ∣ for FDM, and𝑁𝑆,𝐻 = ∣R𝑁/𝑉
𝜃 ∣ for HDM)

is larger than𝑁𝐵.

CDM :

{
x
(𝑏)
𝑡 =

1√
𝑁

𝒂𝑁
𝑟𝑏T

𝑁
𝐿𝑡, where 𝑟𝑏 =

[
R𝑁

𝜃

]
𝑏+1

∣∣∣∣
𝑡 ∈ N𝑇

}
𝑏∈Z(𝑁𝑆,𝐶)

for 𝑁 ∈ Z+, (31)

FDM :

{
x
(𝑏)
𝑡 =

1√
𝑁

𝒂𝑁/𝑁𝑇
𝑟𝑏

I𝑁𝑁𝑇
W𝑁

𝑡 ,where 𝑟𝑏 =
[
R

𝑁/𝑁𝑇

𝜃

]
𝑏+1

∣∣∣∣

𝑡 ∈ N𝑇

}
𝑏∈Z(𝑁𝑆,𝐹 )

for 𝑁 ∈ {
𝑘𝑁𝑇 , 𝑘 ∈ Z+

}
, (32)

HDM :

{
x
(𝑏)
𝑣𝑈+𝑢=

1√
𝑁

𝒂𝑁/𝑉
𝑟𝑏 I𝑁𝑉 T

𝑁
𝐿𝑢W

𝑁
𝑣 , where 𝑟𝑏=

[
R

𝑁/𝑉
𝜃

]
𝑏+1

∣∣∣∣
𝑢 ∈ Z (𝑈), 𝑣 ∈ Z (𝑉 )

}
𝑏∈Z(𝑁𝐻,𝐶)

for𝑁 ∈{𝑘𝑉, 𝑘∈Z+}
,

(33)

where[R]𝑏 denotes the𝑏th smallest element of a setR,

I𝑁𝑀 = [I𝑀 ⋅ ⋅ ⋅ I𝑀 ]︸ ︷︷ ︸
𝑁/𝑀

,
(34)

W𝑁
𝑙 = diag [1 𝑊𝑁 (𝑙) ⋅ ⋅ ⋅𝑊𝑁 ((𝑁 − 1) 𝑙)] , (35)

and

T𝑁
𝑚=

⎡
⎢⎢⎢⎣

𝛿𝐾 (−𝑚) 𝛿𝐾 (𝑁− 1−𝑚) ⋅ ⋅ ⋅ 𝛿𝐾 (1−𝑚)
𝛿𝐾 (1−𝑚) 𝛿𝐾 (−𝑚) ⋅ ⋅ ⋅ 𝛿𝐾 (2−𝑚)

...
.. . ⋅ ⋅ ⋅ ...

𝛿𝐾 (𝑁−1−𝑚) 𝛿𝐾 (2−𝑚) ⋅ ⋅ ⋅ 𝛿𝐾 (−𝑚)

⎤
⎥⎥⎥⎦. (36)

Proof: See Appendix C.
As stated in Theorem 2, the proposed TD pilot sequence

sets satisfy Theorem 1, i.e., the worst-case MSE is minimized
for the full-rank LS channel estimation, and the maximum
cross-correlation value is further bounded by𝜃. When 𝜃 is
set to 1/

√
𝑁 , the proposed TD pilot sequence sets have

uniform cross-correlation functions, satisfy the criterion in
Theorem 1, and make the variation coefficient zero. However,
the number of available sequences (𝑁𝑆,𝐶, 𝑁𝑆,𝐹 or 𝑁𝑆,𝐻)
may be too small. In this case, we can increase the set size
by increasing𝜃 slightly. In this case, the multi-cell optimality
is almost achieved, which will be confirmed from simulation
results, and further the worst-case MSE is guaranteed to be
less than the bound in (27) when a tap selection is used.
Note that a strict orthogonality is assumed in Theorem 2,
i.e., 𝑁𝑇 ≤ 𝑁/𝐿. However, we may employ more antennas
without increasing the number of pilot OFDM symbols by
exploiting the sparsity of wireless channels at the cost of
slightly increased MSE [31]–[33].

In practice, it is convenient to obtain the optimal pilot
sequences in the FD to use the standard OFDM modulation
and the following theorem shows an easy way to generate
FD sequences.

Theorem 3: The proposed FD pilot sequences

X
(𝑏)
𝑡 =

[
𝑋

(𝑏)
𝑡 (0) ⋅ ⋅ ⋅𝑋(𝑏)

𝑡 (𝑁 − 1)
]T

corresponding to the
proposed TD pilot sequences in Theorem 2 are respectively
given as,

CDM :
{
X

(𝑏)
𝑡

∣∣∣ 𝑡 ∈ 𝑁𝑇

}
𝑏∈Z(𝑁𝑆,𝐶)

for𝑁∈Z+, where

𝑋
(𝑏)
𝑡 (𝑛)=𝑊𝑁

(
𝐿𝑡𝑛− 𝑟𝑏𝜌

𝑁
𝑟𝑏

(𝑛)
)
𝑂
(𝑏)
1 , (37)

FDM :
{
X

(𝑏)
𝑡

∣∣∣ 𝑡 ∈ 𝑁𝑇

}
𝑏∈Z(𝑁𝑆,𝐹 )

for𝑁 ∈ {
𝑘𝑁𝑇 , 𝑘 ∈ Z+

}
,

where𝑋
(𝑏)
𝑡 (𝑛) =
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Fig. 2. The pilot signal structures according to the three pilot types.

{
𝑊𝑁/𝑁𝑇

(
−𝑟𝑏𝜌𝑁/𝑁𝑇

𝑟𝑏 (𝑙)
)
𝑂
(𝑏)
𝑁𝑇

, 𝑛= 𝑙𝑁𝑇 +𝑡, 𝑙∈ Z(𝑁/𝑁𝑇 ),

0, otherwise,
(38)

HDM :
{
𝑋

(𝑏)
𝑣𝑈+𝑢

∣∣∣ 𝑢 ∈ Z (𝑈) , 𝑣 ∈ Z (𝑉 )
}
𝑏∈Z(𝑁𝑆,𝐻)

for

𝑁 ∈{𝑘𝑉, 𝑘 ∈ Z+} and𝑁𝑇 = 𝑈𝑉,where 𝑋
(𝑏)
𝑣𝑈+𝑢(𝑛)={

𝑊𝑁/𝑉

(
𝐿𝑢𝑙−𝑟𝑏𝜌𝑁/𝑉

𝑟𝑏 (𝑙)
)
𝑂
(𝑏)
𝑉 , 𝑛= 𝑙𝑉 +𝑣, 𝑙∈Z(𝑁/𝑉 ),

0, otherwise,
(39)

where 𝜌𝑁𝑟 (𝑛) = 𝑟−1𝑛
(
𝑟−1𝑛+ (𝑁)2

)/
2 and 𝑟−1 is the

solution satisfying the linear congruence𝑟𝑟−1 ≡ 1 (mod𝑁),
which is known to be always uniquely determined [30]. Also,

𝑂
(𝑏)
𝑚 = 𝑚

𝑁

𝑁/𝑚−1∑
𝑘=0

𝑎
𝑁/𝑚
𝑟𝑏 (𝑘) for 𝑚 ∈ G𝑁 whereG𝑁 is the set

of all divisors of𝑁 .
Proof: See Appendix D.

Theorem 3 tells us that we can easily generate the pilot
sequences in the FD and the proposed FD pilot structures
are illustrated in Fig. 2. The proposed FD CDM pilot
symbols spread over the entire sub-carriers with equal power,
the proposed FD FDM pilot symbols are equi-powered,
𝑁𝑇 equi-spaced and frequency-shifted pilot tones, and the
proposed HDM FD pilot is comprised of equi-powered,𝑉
equi-spaced of𝑈 consecutive pilot symbols. It is easily
seen that the proposed CDM pilot is the mostflexible on
the sequence length among the three types. On the other
hand, the length of the FDM pilot must be divisible by
𝑁𝑇 . However, the FDM pilot is more appropriate when the
pilot should be multiplexed with data in a single OFDM
symbol. The use of the HDM pilot can provide the tradeoff
between theflexibilities on the sequence length and on the
pilot-data-multiplexing as long as𝑁 is divisible by𝑉 .

Although the proposed multi-cell optimal pilot design
according to each pilot type isavailable, the number of
available pilot sequences for given𝑁 and 𝜃 depends on the

pilot type and a tight upper-bound on the available sequence
set size is obtained in the following theorem.

Theorem 4: Suppose that the pilot length𝑁 is

represented as𝑁 =
𝑘𝑁−1∏
𝑖=0

𝑝𝑐𝑖𝑖 , where𝑘𝑁 is the number of prime

factors of𝑁 and 𝑝𝑖 denotes the𝑖th smallest prime factor of
𝑁 . Also, defineG𝑁 (𝜃)

Δ
=

{
𝑔
∣∣𝑁𝜃2 ≤ 𝑔 < 𝑁𝑝0𝜃

2, 𝑔 ∈ G𝑁

}
and 𝑔𝑁 (𝜃)

Δ
= max

(
arg min
𝑔∈G𝑁 (𝜃)

𝜑 (𝑔)

)
, where 𝜑 (𝑁) =

𝑘𝑁−1∏
𝑖=0

𝑝𝑐𝑖−1
𝑖 (𝑝𝑖 − 1) denotes the Euler’s totient function [30].

Then, the maximum number of supportable neighboring BSs
according to each pilot type is bounded by

𝑁𝑆,𝐶 ≤ 𝜑 (𝑔𝑁 (𝜃)) , (40)

𝑁𝑆,𝐹 ≤ 𝜑
(
𝑔𝑁/𝑁𝑇

(𝜃)
)
, (41)

𝑁𝑆,𝐻 ≤ 𝜑
(
𝑔𝑁/𝑉 (𝜃)

)
. (42)

Proof: The proof of Theorem 4 is straightforward since∣∣R𝑁
𝜃

∣∣ ≤ 𝜑 (𝑔𝑁 (𝜃)) [29].
Theorem 4 provides the upper-bound on the maximum

number of supportable neighboring BSs. Also, it was shown
that the bound is quite tight so that the equality holds for
most practical cases (most𝑁 up to a few thousands) [29].
The number of supportable neighboring BSs tends to decrease
as the maximum allowed cross-correlation value decreases.
Also, it increases as the smallest divisor of𝑁 exceeding𝜃2𝑁
increases. Table 1 describes the upper-bound and the lower-
bound on the maximum number of supportable neighboring
BSs for various𝑁 and𝜃. The lower-bound is obtained using
the sequence search algorithm in [29]. From the results, it is
confirmed that the bound is tight. Also, it is seen that sufficient
number of sequences is available even for very small𝜃 when
the smallest prime factor of𝑁 is not small. In the case of
𝑁 = 2𝑛, which is one of the worst cases, the CDM type
is preferred and𝜃 needs to be increased slightly to support
one tier (∣N𝐵∣ = 7) or two tiers (∣N𝐵∣ = 19) of neighboring
BSs in the hexagonal cellular structure. However, the MSE
performance loss is negligible in typical cases, which will be
confirmed from the simulation results in the next section.

V. SIMULATIONS

In this section, we evaluate the performance of various pilot
sequences for the pilot reuse pattern∣N𝐵∣ = 7 (𝑖 = 2, 𝑗 = 1)
case as shown in Fig. 1 under the following two channel
models : urban macrocell (3km distance for BS to BS, path
loss exponent (PLE)=3.5) and urban microcell (1km distance
for BS to BS, PLE=2.6) with other channel parameters
as described in [34] (the exponential delay profile with 6
paths, where the delay of each path is a log-normal random
variable for the given rms delay spread). Also, the normalized
distance denotes the distance from the target BS to the MS
of interest divided by each channel model’s cell size. We
use the proposed CDM pilot signal with𝑁 = 256 (2.5MHz
system bandwidth) and𝜃2 = 0.032 for the urban macrocell
and𝑁 = 1024 (10MHz system bandwidth) and𝜃2 = 0.008
to support the one-tier reuse pattern. For comparison, the zero
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TABLE I
THE MAXIMUM NUMBER OF NEIGHBORING SUPPORTABLEBSS FOR VARIOUS𝑁 AND 𝜃 WHEN 𝑁𝑇 = 4.

𝜃� ≤ 0.02 ≤ 0.06 ≤ 0.10 ≤ 0.14 ≤ 0.18 ≤ 0.22
N Type L U L U L U L U L U L U

CDM 60 60 60 60 60 60 60 60 60 60 60 60
244 = 2� ⋅ 61 FDM ⋅ ⋅ ⋅ ⋅ 60 60 60 60 60 60 60 60

HDM ⋅ ⋅ 60 60 60 60 60 60 60 60 60 60
CDM 4 4 8 8 16 16 32 32 32 32 32 32

256 = 2� FDM ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 2 2 2 2 2 2
HDM ⋅ ⋅ 2 2 4 4 8 8 8 8 8 8
CDM 66 66 66 66 66 66 66 66 66 66 66 66

268 = 2� ⋅ 67 FDM ⋅ ⋅ ⋅ ⋅ 66 66 66 66 66 66 66 66
HDM ⋅ ⋅ 66 66 66 66 66 66 66 66 66 66
CDM 126 126 126 126 126 126 126 126 126 126 126 126

508 = 2� ⋅ 127 FDM 126 126 126 126 126 126 126 126 126 126 126 126
HDM 126 126 126 126 126 126 126 126 126 126 126 126
CDM 8 8 16 16 32 32 64 64 64 64 64 64

512 = 2� FDM ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 4 4 4 4 4 4
HDM 2 2 4 4 8 8 16 16 16 16 16 16
CDM 4 4 42 42 42 42 42 42 84 84 84 84

516 = 2� ⋅ 3 ⋅ 43 FDM ⋅ ⋅ 2 2 42 42 42 42 42 42 42 42
HDM 2 2 42 42 42 42 42 42 42 42 42 42
CDM 16 16 32 32 64 64 128 128 128 128 128 128

1024 = 2�� FDM 1 1 2 2 4 4 8 8 8 8 8 8
HDM 4 4 8 8 16 16 32 32 32 32 32 32
CDM 256 256 256 256 256 256 256 256 256 256 256 256

1028 = 2� ⋅ 257 FDM 256 256 256 256 256 256 256 256 256 256 256 256
HDM 256 256 256 256 256 256 256 256 256 256 256 256
CDM 12 12 36 36 72 72 72 72 216 216 216 216

1036 = 2� ⋅ 7 ⋅ 73 FDM 6 6 6 6 6 6 36 36 36 36 36 36
HDM 6 6 36 36 36 36 36 36 36 36 36 36

TABLE II
THE COOPERATIVE PROCESSING GAIN BETWEEN THESMBF AND THE CMBF SCHEMES.

Perfect Proposed 3GPP-LTE Single-cell optimal
𝑟� = 𝑟� 0.1 0.5 0.9 0.1 0.5 0.9 0.1 0.5 0.9 0.1 0.5 0.9

0.1 3.41 2.26 1.75 0.85 0.81 0.79 0.68 0.66 0.63 0.66 0.65 0.64
0.3 5.04 3.58 2.38 2.15 1.95 1.46 1.82 1.66 1.35 1.80 1.65 1.31

𝑟� 0.5 6.79 4.15 4.38 4.15 3.44 2.39 3.69 3.05 2.20 3.65 3.02 2.18
0.7 6.41 5.10 4.04 4.62 3.81 3.27 4.20 3.50 2.98 4.18 3.45 2.95
0.9 4.98 4.23 3.95 4.22 3.89 3.49 3.76 3.46 3.12 3.73 3.40 3.10

variation pilot sequence set [13] is used, which is equivalent

to
{
x
(𝑏)
𝑡 = 1√

𝑁 ′𝒂
𝑁 ′
𝑟𝑏 T

𝑁 ′
𝐿𝑡 where 𝑟𝑏 =

[
R𝑁 ′

1

]
𝑏+1

}
𝑏∈Z(𝑁 ′)

,

where 𝑁 ′ is the nearest prime number of𝑁 . For the
simulation,𝑁 ′ = 257 and 1021 are used for𝑁 = 256 and
1024, respectively. The single-cell optimal pilot sequence
[10] with randomly selected initial phase and the 3GPP-LTE
downlink reference signal (those in thefirst two OFDM
symbol in each slot) are also used for comparison. Note that
one whole OFDM symbol is used for thefirst three cases
and 𝑁 pilot symbols distributed over two OFDM symbols
are used for the 3GPP case. For the channel estimation at
the receiver, the LS channel estimation (𝐿 is set to𝑁/4) and
the LS channel estimation with a tap selection are used and
we assume that all real channel taps (6 for each antenna) are
correctly selected and50% more taps (3 for each antenna) are
additionally selected randomly. Also, in case of estimating
the channels of more than one cell, a cell-by-cell successive
interference cancellation is used.

In Fig. 3, the MSE obtained from (27), the average MSE
of the proposed pilot signals (CDM, FDM, HDM) with
𝑁 ∈ {256, 264, 1024, 1028} obtained from the simulation

using 105 channel realizations and the full-rank LS channel
estimation, and the MSE of the zero-variation pilot signal
with 𝑁 ∈ {257, 1021} obtained from the same simulation
are compared for the one-tier reuse pattern when𝜌𝑏, the
average SNR at the cell boundary, is set to 10dB. From
the results, it is shown that the MSE performance of the
proposed pilot signal is (almost) identical to that of the
zero-variation pilot sequence for similar values of𝑁 , which
confirms that the proposed pilot sequences can provide the
optimal performance even if the pilot sequence length is not
a prime number.

In Fig. 4, the MSE performance of the proposed CDM
pilot signal is respectively compared to those of other
pilot signals in urban macro and urban micro environments
with 𝑁 = 𝐿𝑁𝑇 by using a simulation with105 channel
realizations and the full-rank LS channel estimation. From
the results, we can see that the proposed pilot signal can
provide better MSE performance than other pilot signals, not
marginally even in the inner-cell region, and the performance
gap increases as the sequence length increases,𝜌𝑏 increases,
or the PLE decreases, i.e., as the channel estimation is more
affected by interference rather than by noise.
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Fig. 3. The MSE performance comparison for the full-rank LS channel
estimation for various pilot types.
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Fig. 4. The MSE performance comparison for the full-rank LS channel
estimation.

In Fig. 5, the MSE performance improvement of the
proposed pilot signal is respectively compared to those
of other pilot signals in urban macro and urban micro
environments with𝑁 ≈ 3𝐿′𝑁𝑇 (𝐿 ≈ 3𝐿′) by using a
simulation with105 channel realizations and the reduced-rank
LS channel estimation (with the rank of𝐿′𝑁𝑇 ). Here, the
MSE ratio is defined as the MSE using the reduced-rank LS
channel estimation divided by the MSE using the full rank
channel estimation. From the results, we can see that the
reduced-rank LS estimation using proposed pilot can take the
full advantage of the rank reduction for both the noise and
the ICI, while that the using the conventional pilots fails to
reduce the ICI as much as possible due to the lack of the
multi-cell optimality.

In Fig. 6, the MSE improvement of the proposed pilot
signal is respectively compared to those of other pilot
signals in urban macro and urban micro environments
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Fig. 5. The MSE improvement of the rank-reduced channel LS channel
estimation when𝑁 ≈ 3𝐿𝑁𝑇 .
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Fig. 6. The MSE improvement of the rank-reduced channel estimation with
a tap selection when𝑁 = 𝐿𝑁𝑇 .

with 𝑁 = 𝐿𝑁𝑇 by using a simulation with105 channel
realizations and the reduced-rank LS channel estimation with
the tap selection. Similar to the previous case, the proposed
pilot can provide the full advantage of the rank reduction and
the tap selection due to the multi-cell optimality.

In order to evaluate the impact of the channel estimation
error on the system capacity, a simple𝐾 BSs/𝐾 MSs
clustered cooperation scenario is considered. As shown in
Fig. 7, each BS or MS has 4 antennas and the single-cell
minimum mean square error beamforming (SMBF) scheme
[39] with Q(𝑖)

𝑆 (Ĥ
(𝑖)
𝑖 ), 𝑖 = 0, 1 ⋅ ⋅ ⋅ ,𝐾 − 1, as the precoding

matrix at the 𝑖th BS, respectively, and the cooperative
minimum mean square error beamforming (CMBF) scheme
[40] with Q(𝑖)

𝐶 (Ĥagg) as the joint precoding matrix, where
Ĥ

(𝑖)
𝑖 and Ĥagg are respectively channel estimates ofH(𝑖)

𝑖

andHagg. Using a pilot symbol, each MS estimates channel
matrices from the𝐾 BSs by using the reduced-rank LS
channel estimation with a tap selection and reports them
to its own BS. In SMBF, each BS performs transmit
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Fig. 7. 𝐾BSs/𝐾MSs clustered cooperation scenario using the SMBF [39]
and the CMBF [40] schemes when𝐾 = 3.
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Fig. 8. The capacity of the SMBF scheme.

beamforming using each estimated channelĤ
(𝑖)
𝑖 while in

CMBF, 𝐾 BSs jointly perform MMSE beamforming using
estimated aggregated channelĤagg. For each iteration,Hagg

is randomly generated and estimated at each MS by using
the pilot symbol with the proposed or the conventional pilot
signals. From the true and the estimated channels of each
iteration, the SINR of each stream at each MS is calculated
by considering the interference power due to the mismatch
betweenĤagg andHagg and, the average capacity of each
MS is obtained by numerically averaginglog2(1 + SINR)
over 105 iterations.

In Fig. 8, the average capacity of MS0 using the SMBF
scheme is plotted in the urban macro and urban micro
channels. From the results, we can see that non-negligible
performance gain can be obtained due to the improved
channel estimation quality. Although not shown explicitly,
the performance gain of using the proposed pilot over the
conventional pilots does not vary much as the normalized
distance changes.

In Fig. 9, the average capacity of MS0 using the CMBF
scheme is plotted in the urban macro channel as MS0
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Fig. 9. The capacity of the 3-BS CMBF scheme when𝑁 = 1024 and𝜌𝑏 =
10dB in the urban micro environment.
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Fig. 10. The capacity of the𝐾-BS CMBF scheme when𝑁 = 1024 and
𝜌𝑏 = 10dB in the urban micro environment.

moves to the cell boundary when 3 BSs and 3 MSs are
in cooperation. As is well known, the CMBF scheme is
much more sensitive to the channel estimation error than
the SMBF scheme and we can see a significant performance
gain, especially in the inner-cell region where the CMBF
scheme suffers from the channel estimation error inĤ(1)

0 and
Ĥ

(2)
0 (BS1 and BS2 at MS0). Similarly, the performance gap

increases as𝑟1 and𝑟2 decrease due to the channel estimation
error in Ĥ(0)

1 and Ĥ(0)
2 (BS0 at MS1 and MS2). Although

the performance gap decreases as𝑟0 or 𝑟1 (𝑟2) increases, we
can still obtain non-negligibleperformance gain. From the
results, it is also shown that the use of proposed pilot makes
the cooperation scheme more effective due to the improved
channel estimation quality.

In Fig. 10, the average capacity of MS0 using the CMBF
scheme is plotted in the urban micro channel for various
number of cooperation BSs (𝐾). Here, each of the𝐾 MSs
is located at𝑟𝑖 = 0.5 (or 𝑟𝑖 = 0.9) in own cell. From the
results, it is shown that the capacity gain obtained by using
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the proposed pilot increases as the number of cooperating BSs
increases. This is due to the fact that the channel estimation
becomes more challenging as𝐾 increases and the impact of
the channel estimation quality improvement becomes more
significant.

In Table II, the cooperative processing gain of MS0
when𝐾 = 3, defined as the capacity of the CMBF scheme
divided by the capacity of the SMBF scheme, is shown in
various values of𝑟0 and 𝑟1 = 𝑟2 when the perfect channel
estimation is assumed, the proposed pilot is used, and the
conventional pilots are used. From the results, we can see
that the channel estimation error can severely degrade the
cooperative processing so that SMBF scheme can be better
than the CMBF scheme when the MS is quite close to the
BS. However, by using the proposed pilot sequence, we can
improve the channel estimation quality and enlarge the region
where a cooperative processing can provide a meaningful
performance gain.

VI. CONCLUSIONS

This paper provides the optimal pilot design criterion min-
imizing the worst-case MSE of an LS-based channel estima-
tion, which is shown to be satisfied when the pilot sequences
have the perfect auto-correlation property and meet the Welch
bound, and further the maximum magnitude of the cross-
correlation function is minimized so that the distribution of
the cross-correlation function is as uniform as possible. Based
on the proposed multi-cell optimal criterion, optimal pilot
sequence sets according to the three pilot types are proposed
using Chu sequences both in the TD and the FD for given pilot
sequence length and the maximum allowed cross-correlation
value. Also, a tight upper-bound on the maximum number of
supportable neighboring BSs is obtained according to each
pilot type for the given sequence length and the maximum
allowed cross-correlation value. From the simulation results,
it is shown that the proposed pilot can provide the (almost)
optimal MSE performance even ifthe pilot sequence length is
not a prime number. It is also shown that, although the MSE
performance of the full-rank LS channel estimation does not
depend on the maximum allowed cross-correlation value, that
of a rank-reduced LS channel estimation, possibly with a tap
selection, is highly dependent on it. Simulation results confirm
that the proposed pilot can take the full advantage of the rank
reduction or the tap selection for both noise and ICI due to
the multi-cell optimality.

The impact of the use of the proposed multi-cell optimal
pilot signal is also shown for both cases of the conventional
single-cell processing and the coordinated multipoint (CoMP)
processing. Although a non-negligible capacity improvement
is obtained in the single-cell processing case, the proposed
pilot signal can offer a significant performance gain over the
entire cell-area in the CoMP case. Also, the impact becomes
more significant as the number of cooperating BSs increases.
Thus, the proposed multi-cell pilot design is meaningful not
only because it provides a nice multi-cell optimality but also
because the use of the proposed pilot signal can provide
significant performance improvement in practical systems.

APPENDIX

A. Proof of Theorem 1

Let D(𝑏)
𝑏 = Q

(𝑏)
𝑏 Λ

(𝑏)
𝑏 Q

(𝑏)H

𝑏 using eigen-decomposition.

Also, let 𝝂(𝑏)
𝑞 𝝂

(𝑏)𝑯

𝑞 = 𝝊
(𝑏)
𝑞 and ∣N𝐵∣ = 𝑁𝐵 + 1. Then, we

can obtain

MSE(𝑏)
𝑞 =

Υ
(𝑏)
𝑞
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(𝑏𝑞)
𝑞

Tr
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𝑞 D
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where the third equality comes from the fact that
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[
CHΛC

]
=

𝑁−1∑
𝑖=0

[
CCH
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where the last equality holds whenΥ(𝑏∗)
𝑞 = 𝐼𝑞 andΥ

(𝑏)
𝑞 = 0

for 𝑏 ∕= 𝑏∗. Define𝑁 ×𝐾 matrixΦ = [Φ0 ⋅ ⋅ ⋅Φ𝐾−1] where
Φ𝑖, 𝑖 = 0, ⋅ ⋅ ⋅ , 𝑘−1, are length-𝑁 unit column vectors. Then,
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∥∥ΦHΦ
∥∥2
𝐹
≥ 𝐾2

/
𝑁 where∥A∥𝐹 is the Frobenius norm of

A, which is known as the Welch bound [19][20]. Letx̃ =[
x̃(0) ⋅ ⋅ ⋅ x̃(𝑁𝐵−1)

]
andD = x̃Hx̃. From the Welch bound

[19], it was shown in [20] that
∥∥ΦHΦ

∥∥2
𝐹
≥ 𝐾2

/
𝑁 and then

we obtain

∥∥x̃Hx̃∥∥2
𝐹

= Tr
[
DDH

]
=

𝑁𝐵∑
𝑎=0

𝑁𝐵∑
𝑏=0

Tr
[
Ω(𝑏)

𝑎

]

≥ ((𝑁𝐵 + 1)𝐿𝑁𝑇 )
2

𝑁
,

(46)

where Ω(𝑏)
𝑎 = D

(𝑏)
𝑎 D

(𝑏)H

𝑎 . Since Tr
[
Ω
(𝑏)
𝑏

]
≥ (𝐿𝑁𝑇 )

2

𝑁 ,∑
𝑏𝑞∈N𝐵

Tr
[
Ω
(𝑏𝑞)
𝑏𝑞

]
≥ (𝑁𝐵+1)(𝐿𝑁𝑇 )

2

𝑁 and

∑
𝑏𝑞∈N𝐵

∑
𝑏∈N𝑞

𝐵

Tr
[
Ω
(𝑏)
𝑏𝑞

]

≥ ((𝑁𝐵 + 1)𝐿𝑁𝑇 )
2

𝑁
− (𝑁𝐵 + 1) (𝐿𝑁𝑇 )

2

𝑁

=
𝑁𝐵(𝑁𝐵 + 1) (𝐿𝑁𝑇 )2

𝑁
.

(47)

Now, let’s consider the symmetric case in order to be re-
gardless of𝑏𝑞, where𝜆(𝑏)𝑏,𝑖 = 𝜆𝑖 and Ω

(𝑏)
𝑎,𝑖 = Ω

(𝑏)
𝑖 for all

𝑎 ∈ N𝐵∖𝑏 and any𝑏 ∈ N𝐵. Then,𝜆𝑖 andΩ
(𝑏)
𝑖 , for 𝑏 ∈ N𝑞

𝐵

and0 ≤ 𝑖 < 𝐿𝑁𝑇 , should satisfy

𝐿𝑁𝑇−1∑
𝑖=0

𝜆𝑖 = 𝐿𝑁𝑇 , (48)

∑
𝑏∈N𝑞

𝐵

𝐿𝑁𝑇−1∑
𝑖=0

Ω
(𝑏)
𝑖 ≥

𝑁𝐵(𝐿𝑁𝑇 )
2

𝑁
. (49)

Because of the symmetricity,𝜇(𝑏)0 = ⋅ ⋅ ⋅ = 𝜇
(𝑏)
𝑁𝐵−1 = 𝜇(𝑏)

Δ
=

max
0≤𝑗<𝐿𝑁𝑇

𝜇
(𝑏)
𝑗 and 𝜇0 = ⋅ ⋅ ⋅ = 𝜇𝑁𝐵−1 = 𝜇

Δ
= max

𝑏∈N𝑞
𝐵

𝜇(𝑏).

Then, in order to minimize (45) regardless of𝑞, we need to

find
{
D

(𝑏)
𝑎

}
𝑎,𝑏∈N𝐵

that jointly minimizes
𝐿𝑁𝑇−1∑

𝑖=0

1/𝜆𝑖 and

𝜇. From (48), and the inequality between the arithmetic and

the harmonic means,
𝐿𝑁𝑇−1∑

𝑖=0

1/𝜆𝑖 is minimized when𝜆0 =

⋅ ⋅ ⋅ = 𝜆𝐿𝑁𝑇−1. Also, 𝜇 = max
𝑏∈N𝑞

𝐵

max
0≤𝑖<𝐿𝑁𝑇

𝜇
(𝑏)
𝑖 is minimized

when max
0≤𝑖<𝐿𝑁𝑇

𝜆𝑖 is minimized and max
𝑏∈N𝑞

𝐵

max
0≤𝑖<𝐿𝑁𝑇

Ω
(𝑏)
𝑖 is

minimized while satisfying (48) and (49), i.e, when𝜆𝑖 = 1

and Ω
(𝑏)
𝑖 = 𝐿𝑁𝑇/𝑁 for 0 ≤ 𝑖 < 𝐿𝑁𝑇 and 𝑏 ∈ N𝑞

𝑏. Then,
substituting𝜇𝑏𝑞 = 𝐿𝑁𝑇

𝑁 and 𝜆(𝑏𝑞)𝑏𝑞 ,𝑖
= 1, 0 ≤ 𝑖 < 𝐿𝑁𝑇 , in

(26), obtains (27), which concludes the proof.

B. Proof of Corollary 2

From (24) and𝝌0 in Theorem 1, the MSE of the LS channel
estimator with the tap selection is given as follows.

MSE𝑞 =
1

𝐿Υ
(𝑏𝑞)
𝑞

Tr

{
𝜿𝑞

(
D

(𝑏𝑞)
𝑏𝑞

)−1
}

(50)

+
∑

𝑏∈N𝑞
𝐵

Υ
(𝑏)
𝑞

𝐿𝑁𝑇Υ
(𝑏𝑞)
𝑞

Tr

[
𝝊(𝑏)
𝑞 D

(𝑏)H

𝑏𝑞

(
D

(𝑏𝑞)
𝑏𝑞

)−1

𝜿𝑞

(
D

(𝑏𝑞)
𝑏𝑞

)−1

D
(𝑏)
𝑏𝑞

]

=
𝜅𝑞

𝐿Υ
(𝑏𝑞)
𝑞

+
∑

𝑏∈N𝑞
𝐵

Υ
(𝑏)
𝑞

𝐿𝑁𝑇Υ
(𝑏𝑞)
𝑞

Tr
[
𝝊(𝑏)
𝑞 D

(𝑏)H

𝑏𝑞
𝜿𝑞D

(𝑏)
𝑏𝑞

]

=
𝜅𝑞

𝐿Υ
(𝑏𝑞)
𝑞

+
∑

𝑏∈N𝑞
𝐵

Υ
(𝑏)
𝑞

𝐿𝑁𝑇Υ
(𝑏𝑞)
𝑞

Tr
[
𝝂(𝑏)H

𝑞 D
(𝑏)H

𝑏𝑞
𝜿𝑞D

(𝑏)
𝑏𝑞

𝝂(𝑏)
𝑞

]

=
𝜅𝑞

𝐿Υ
(𝑏𝑞)
𝑞

+
∑

𝑏∈N𝑞
𝐵

Υ
(𝑏)
𝑞

𝐿𝑁𝑇Υ
(𝑞)
𝑞

𝐿𝑁𝑇−1∑
𝑖=0

[
D

(𝑏)
𝑏𝑞

𝝊(𝑏)
𝑞 D

(𝑏)H

𝑏𝑞

]
𝑖,𝑖

[𝜿𝑞]𝑖,𝑖.

Similarly as in Appendix A, for Tr[𝝊
(𝑏)
𝑞 ] = 1 and∑

𝑏∈𝑁𝑞
𝐵

Υ
(𝑏)
𝑞 = 𝐼𝑞, we obtain

𝜀𝑞

({
D(𝑏)

𝑎

}
𝑎,𝑏∈N𝐵

∣∣∣∣Υ(𝑏𝑞)
𝑞 , 𝐼𝑞, 𝜅𝑞

)
= max
{Υ𝑏

𝑞}𝑏∈N
𝑞
𝐵

max{
𝝊

(𝑏)
𝑞

}
𝑏∈N

𝑞
𝐵

∑
𝑏∈N𝐵

MSE(𝑏)
𝑞

=
𝜅𝑞

𝐿Υ
(𝑏𝑞)
𝑞

+
𝐼𝑞

𝐿𝑁𝑇Υ
(𝑏𝑞)
𝑞

𝐿𝑁𝑇−1∑
𝑖=0

∣∣∣D(𝑏)
𝑏𝑞

∣∣∣2
𝑖,𝑗∗

[𝜿𝑞]𝑖,𝑖

≤ 𝜅𝑞

𝐿Υ
(𝑏𝑞)
𝑞

+
𝐼𝑞𝜃

2𝜅𝑞

𝐿𝑁𝑇Υ
(𝑏𝑞)
𝑞

,

(51)

where 𝑗∗ = arg max
𝑗∈Z(𝐿𝑁𝑇 )

𝐿𝑁𝑇−1∑
𝑖=0

∣∣∣D(𝑏)
𝑏𝑞

∣∣∣2
𝑖,𝑗

[𝜿𝑞]𝑖.𝑖 and the in-

equailty comes from the fact that
[
D

(𝑏)
𝑏𝑞

]
𝑖,𝑗
≤ 𝜃, which

concludes the proof.

C. Proof of Theorem 2

Consider the HDM case only because we have the FDM
case when𝑈 = 1 and the CDM case when𝑉 = 1. In order for
the proposed HDM pilot to satisfyD(𝑏)

𝑏 = I𝐿𝑁𝑇 , the (𝑖, 𝑗)th

element of the sub-matrix[x̃(𝑏)
H

𝑣𝑈+𝑢x̃
(𝑏)
𝑣′𝑈+𝑢′ ] should satisfy[

x̃
(𝑏)H

𝑣𝑈+𝑢x̃
(𝑏)
𝑣′𝑈+𝑢′

]
𝑖,𝑗

= 𝛿𝐾(𝑗 − 𝑖)𝛿𝐾(𝑣−𝑣′)𝛿𝐾(𝑢 − 𝑢′),

(52)

for 0 ≤ 𝑖, 𝑗 < 𝐿, 0 ≤ 𝑢, 𝑢′ < 𝑈 , 0 ≤ 𝑣, 𝑣′ < 𝑉 and 𝑏 ∈
N𝐵. Suppose thatx(𝑏)𝑣𝑈+𝑢 = 1√

𝑁
𝒂
𝑁/𝑉
𝑟𝑏 I𝑁𝑉 T

𝑁
𝐿𝑢W

𝑁
𝑣 for 𝑏 ∈

Z (𝑁𝑆,𝐻), then we obtain[
x̃
(𝑏)H

𝑣𝑈+𝑢x̃
(𝑏)
𝑣′𝑈+𝑢′

]
𝑖,𝑗

=

𝑁−1∑
𝑘=0

𝑥
(𝑏)
𝑣𝑈+𝑢 ((𝑘 + 𝑖)𝑁 )

∗
𝑥
(𝑏)
𝑣′𝑈+𝑢′ ((𝑘 + 𝑗)𝑁 )

=
1

𝑁

𝑁−1∑
𝑘=0

{(
𝑎𝑁/𝑉
𝑟𝑏 (𝑘 + 𝐿𝑢 + 𝑖)𝑊𝑁 (𝑣 (𝑘 + 𝑖))

)∗
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𝑎𝑁/𝑉
𝑟𝑏

(𝑘 + 𝐿𝑢′ + 𝑗)𝑊𝑁 (𝑣′ (𝑘 + 𝑗))
}

(53)

=
1

𝑁
𝑊𝑁(𝑣′𝑗−𝑣𝑖)

𝑁/𝑉−1∑
𝑘1=0

𝑉−1∑
𝑘1=0

{(
𝑎𝑁/𝑉
𝑟𝑏

(𝑘2 (𝑁/𝑉 )+𝑘1+𝐿𝑢+𝑖)
)∗

𝑎𝑁/𝑉
𝑟𝑏

(𝑘2(𝑁/𝑉 )+𝑘1+𝐿𝑢′+𝑖)𝑊𝑁((𝑣′−𝑣) (𝑘2(𝑁/𝑉 )+𝑘1))
}

=
1

𝑁
𝑊𝑁 (𝑣′𝑗 − 𝑣𝑖)

𝑁/𝑉−1∑
𝑘1=0

{(
𝑎𝑁/𝑉
𝑟𝑏 (𝑘1 + 𝐿𝑢 + 𝑖)

)∗

𝑎𝑁/𝑉
𝑟𝑏 (𝑘1+𝐿𝑢′+𝑗)𝑊𝑁 ((𝑣′−𝑣) 𝑘1)

𝑉−1∑
𝑘2=0

𝑊𝑉 ((𝑣′−𝑣) 𝑘2)
}
.

Since
𝑉−1∑
𝑘=0

𝑊𝑉 (𝑣𝑘) = 𝑉 𝛿𝐾 (𝑣), we have

[
x̃
(𝑏)H

𝑣𝑈+𝑢x̃
(𝑏)
𝑣′𝑈+𝑢′

]
𝑖,𝑗

=
𝑉

𝑁
𝑊𝑁 (𝑣(𝑗 − 𝑖)) 𝛿𝐾 (𝑣′−𝑣)

𝑁/𝑉−1∑
𝑘=0

{(
𝑎𝑁/𝑉
𝑟𝑏

(𝑘+𝐿𝑢+𝑖)
)∗

𝑎𝑁/𝑉
𝑟𝑏 (𝑘 + 𝐿𝑢′ + 𝑗)

}
=
𝑉

𝑁
𝑊𝑁 (𝑣(𝑗−𝑖)) 𝛿𝐾 (𝑣′−𝑣) 𝜃𝑁/𝑉

𝑟𝑏
(𝐿 (𝑢′−𝑢)+𝑗−𝑖) (54)

=𝛿𝐾 (𝑗 − 𝑖) 𝛿𝐾 (𝑢′ − 𝑢) 𝛿𝐾 (𝑣′ − 𝑣) ,

where the last equality comes from the fact that
𝜃
𝑁/𝑉
𝑟𝑏 (𝑗 − 𝑖 + 𝐿 (𝑢′ − 𝑢)) = (𝑁/𝑉 )𝛿𝐾 (𝑗 − 𝑖) 𝛿𝐾 (𝑢′ − 𝑢)

from (30). Also, by denoting the periodic cross-
correlation function between𝒂𝑁

𝑟 and 𝒂𝑁
𝑠 with lag-𝜏 as

𝜃𝑁𝑟,𝑠 (𝜏) =
𝑁−1∑
𝑘=0

(
𝑎𝑁𝑟 (𝑘 + 𝜏 )

)∗
𝑎𝑁𝑠 (𝑘), we obtain

[
D

(𝑏)
𝑏𝑞

]
𝑖,𝑗

=
𝑉

𝑁
𝛿𝐾 (𝑣′ − 𝑣) 𝜃𝑁/𝑉

𝑟𝑏𝑞 ,𝑟𝑏
(𝜏), (55)

where 𝜏 = 𝐿 (𝑢′ − 𝑢) + 𝑗 − 𝑖. In [29], it was shown that∣∣𝜃𝑁𝑟,𝑠(𝜏)
∣∣ is given as

∣∣𝜃𝑁𝑟,𝑠(𝜏)
∣∣=

⎧⎨
⎩
√
𝑁𝑔𝑁𝑟,𝑠𝛿𝐾(𝑑𝜏 ) , 𝑁 and𝑢𝑁𝑟,𝑠𝑣

𝑁
𝑟,𝑠 even, or𝑁 odd,√

𝑁𝑔𝑁𝑟,𝑠𝛿𝐾

(
𝑑𝜏−

𝑔𝑁𝑟,𝑠
2

)
, 𝑁 even and𝑢𝑁𝑟,𝑠𝑣

𝑁
𝑟,𝑠 odd,

(56)
where 𝑔𝑁𝑟,𝑠 = gcd(𝑟 − 𝑠,𝑁), 𝑢𝑁𝑟,𝑠 = 𝑁/ gcd(𝑁, 𝑟 − 𝑠),
𝑣𝑁𝑟,𝑠 = (𝑟 − 𝑠)/𝑔𝑁𝑟,𝑠, 𝑑𝜏 = 𝜏 − 𝑖𝜏𝑔

𝑁
𝑟,𝑠 and 𝑖𝜏 =

⌊
𝜏/𝑔𝑁𝑟,𝑠

⌋
.

Then,

∣∣∣∣[D(𝑏)
𝑏𝑞

]
𝑖,𝑗

∣∣∣∣ =

∣∣∣∣√ 𝑉
𝑁 𝑔

𝑁/𝑉
𝑟𝑏𝑞 ,𝑟𝑏𝛿𝐾 (𝑣′ − 𝑣) 𝛿𝐾 (𝜏)

∣∣∣∣ and

max
𝑖,𝑗

∣∣∣∣[D(𝑏)
𝑏𝑞

]
𝑖,𝑗

∣∣∣∣ =
√

𝑉
𝑁 𝑔

𝑁/𝑉
𝑟𝑏𝑞 ,𝑟𝑏 .

Similarly as in (53) and (54), we obtain

𝐿𝑁𝑇−1∑
𝑖=0

∣∣∣∣[D(𝑏)
𝑎

]
𝑖,𝑗

∣∣∣∣2

=

𝐿𝑈𝑉 −1∑
𝑖=0

∣∣∣∣∣
[[
x̃
(𝑎)
0 ⋅ ⋅ ⋅ x̃(𝑎)𝑈𝑉 −1

]H [
x̃
(𝑏)
0 ⋅ ⋅ ⋅ x̃(𝑏)𝑈𝑉 −1

]]
𝑖,𝑗

∣∣∣∣∣
2

=

𝑉−1∑
𝑣′=0

𝑈−1∑
𝑢′=0

𝐿−1∑
𝑖′=0

∣∣∣∣[x̃(𝑎)H𝑣𝑈+𝑢x̃
(𝑏)
𝑣′𝑈+𝑢′

]
𝑖′,𝑗′

∣∣∣∣2 (57)

=

𝑉 −1∑
𝑣′=0

𝑈−1∑
𝑢′=0

𝐿−1∑
𝑖′=0

∣∣∣∣∣
𝑁−1∑
𝑘=0

𝑥
(𝑎)
𝑣𝑈+𝑢((𝑘+𝑖′)𝑁 )

∗
𝑥
(𝑏)
𝑣′𝑈+𝑢′ ((𝑘+𝑗′)𝑁 )

∣∣∣∣∣
2

=

(
𝑉

𝑁

)2𝑉−1∑
𝑣′=0

𝑈−1∑
𝑢′=0

𝐿−1∑
𝑗′=0

∣∣∣𝜃𝑁/𝑉
𝑟𝑎,𝑟𝑏

((𝑗′−𝑖′)+𝐿(𝑢′−𝑢))𝛿𝐾(𝑣′−𝑣)
∣∣∣2

=

(
𝑉

𝑁

)2 𝐿𝑈−1∑
𝜏=0

∣∣∣𝜃𝑁/𝑉
𝑟𝑎,𝑟𝑏 (𝑗′ + 𝐿𝑢− 𝜏)

∣∣∣2

=

(
𝑉

𝑁

)2 𝑗′+𝐿𝑢+𝐿𝑈−1∑
𝜏=𝑗′+𝐿𝑢

∣∣∣𝜃𝑁/𝑉
𝑟𝑎,𝑟𝑏

(𝜏)
∣∣∣2,

where𝑖 = 𝐿(𝑣𝑈 + 𝑢) + 𝑖′ and 𝑗 = 𝐿(𝑣′𝑈 + 𝑢′) + 𝑗′. Then,
for an any natural number𝜁 < 𝑁 , we obtain

𝜁+ℓ−1∑
𝜏=ℓ

∣∣𝜃𝑁𝑟,𝑠 (𝜏)
∣∣2 =⎧⎨

⎩
𝑁𝑔𝑁𝑟,𝑠

𝜁+ℓ−1∑
𝜏=ℓ

𝛿𝐾(𝑑𝜏 ) , 𝑁 and𝑢𝑁𝑟,𝑠𝑣
𝑁
𝑟,𝑠 even, or𝑁 odd,

𝑁𝑔𝑁𝑟,𝑠

𝜁+ℓ−1∑
𝜏=ℓ

𝛿𝐾

(
𝑑𝜏−

𝑔𝑁𝑟,𝑠
2

)
, 𝑁 even and𝑢𝑁𝑟,𝑠𝑣

𝑁
𝑟,𝑠 odd.

(58)

If 𝑔𝑁𝑟,𝑠 is a divisor of 𝜁,
ℓ+𝜁−1∑
𝜏=ℓ

𝛿𝐾 (𝑑𝜏 ) =
ℓ+𝜁−1∑
𝜏=ℓ

𝛿𝐾(
𝑑𝜏− 𝑔𝑁𝑟,𝑠/2

)
=𝜁/𝑔𝑁𝑟,𝑠. Since𝑔𝑁/𝑉

𝑟𝑎−𝑟𝑏 is a divisor of𝐿𝑈 , we ob-

tain
𝐿𝑁𝑇−1∑

𝑖=0

∣∣∣∣[D(𝑏)
𝑎

]
𝑖,𝑗

∣∣∣∣2 =
(
𝑉
𝑁

)2 𝑖′+𝐿𝑢+𝐿𝑈−1∑
𝜏=𝑖′+𝐿𝑢

∣∣∣𝜃𝑁/𝑉
𝑟𝑎,𝑟𝑏 (𝜏)

∣∣∣2 =(
𝑉
𝑁

)2 𝑁𝐿𝑈
𝑉 = 𝐿𝑁𝑇

𝑁 , which concludes the proof.

D. Proof of Theorem 3

Similarly, it is sufficient to prove in the HDM case. In [35]
and [36], it was shown that𝐴𝑁

𝑟 (𝑛)
(

F𝑁←→ 𝑎𝑁𝑟 (𝑘)
)

can be
written as

𝐴𝑁
𝑟 (𝑛) = 𝑊𝑁

(−𝑟𝜌𝑁𝑟 (𝑛)
)
𝐴𝑁

𝑟 (0) . (59)

By using DFT Property,𝑊𝑁 (𝑚𝑛)𝑆 (𝑛)
F𝑁←→ 𝑠 ((𝑘 + 𝑚)𝑁 )

[11], we get

𝐴𝑁/𝑉
𝑟 (𝑛)𝑊𝑁 (𝐿𝑢𝑛)

F𝑁/𝑉←→ 𝑎𝑁/𝑉
𝑟 (𝑘 + 𝐿𝑢) . (60)

Since 𝑊𝑁/𝑉

(
𝐿𝑢𝑙− 𝑟𝑏𝜌

𝑁/𝑉
𝑟𝑏 (𝑙)

)
𝑋

(𝑏)
𝑉 =

√
𝑉
𝑁𝐴

𝑁/𝑉
𝑟𝑏 (𝑙)

⋅𝑊𝑁/𝑉 (𝐿𝑢𝑙), we obtain

1√
𝑁

𝑁−1∑
𝑛=0

𝑋
(𝑏)
𝑣𝑈+𝑢 (𝑛)𝑊𝑁 (𝑛𝑘)

︸ ︷︷ ︸
IDFT of HDM FD sequence

=
1√
𝑁

𝑁/𝑉−1∑
𝑙=0

𝑊𝑁/𝑉

(
𝐿𝑢𝑙−𝑟𝑏𝜌𝑁/𝑉

𝑟𝑏 (𝑙)
)
𝑋

(𝑏)
𝑉 𝑊𝑁 ((𝑙𝑉+𝑣)𝑘)

=
𝑊𝑁 (𝑣𝑘)√

𝑁

1√
𝑁/𝑉

𝑁/𝑉−1∑
𝑙=0

𝐴𝑁/𝑉
𝑟𝑏 (𝑙)𝑊𝑁/𝑉(𝐿𝑢𝑙)𝑊𝑁/𝑉(𝑙𝑘)

=
1√
𝑁
𝑎𝑁/𝑉
𝑟𝑏 (𝑘 + 𝐿𝑢)𝑊𝑁 (𝑣𝑘) (61)

=𝑥
(𝑏)
𝑣𝑈+𝑢 (𝑘) ,
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which concludes the proof.
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