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Abstract—In this paper, we present a theorem that shows A. Periodic autocorrelation function
generalized properties for the cross-correlation function of Chu
sequences. The theorem gives the information on the maximum
magnitude and its position of cross-correlation function for all N—i

The autocorrelation function with lagis defined as,

Jj—1 —j-1
kinds of Chu sequences with any length. By using this theorem, N
we design the pilot sequences for multi-cell environment. It mit- r(7) = ar(k)ay (k + j)+ Z ar(k)ay(k+j —N),
igate effectively interference and we can confirm the superiority k=0 k=N—j
of the proposed scheme to the conventional scheme. )
Index Terms—Chu sequences, Maximum magnitude of cross- Where it was shown that Chu sequences have the following
correlation function, Pilot sequence, Multi-cell, Interference. properties [3].

. INTRODUCTION 0 :{ N, j mod N=0

; : . 0, 7 mod N#0 (3)
Generally, in order to permit unambiguous message syn-

chronization, to minimize cochannel interferce, and to sup- Periodic cross-correlation function

port a large number of active user, large families of se-|et . and a, be any Chu sequences. Then, the cross-

guences with good auto-correlation function and small crosgyrrelation functiony, () of a, anda, with lag j is defined
correlation function values are required. A periodic sequences

auto-correlation function which is 0 except for the period- L Nejo1

multiple-shift terms is called perfect auto-correlation funct|on .

(K ~(k)a(k - N
[1]. Chu sequences [2] are class of sequences with perf clS z_: +7) +k_ZN: “ i )
auto-correlation. Furthermore, a lower bound of maximum a N (4)

magnitude of the cross-correlation function is obtained in [$/hen v is even, we can rewrite (4),
and it is proved that Chu sequences satisfy the lower bound
in specific cases [4]. However, we cannot always select Chu o rk? _s(k+35)?

sequences satisfying the lower bound, because the numbe¥rofll) = Z eXp <Z7TN) exp {_m N }
Chu sequences which satisfy the lower bound is limited. In -

N—j—1

. . . N-1 .
section I, we present a theorem representing more generalized _Tk? . s(k+j—N)?
. . + g exp | 1m—— | expq — 1T ————— ¢ .
cross-correlation properties of Chu sequences. The theorem vl N
gives the information on the cross-correlation function of all = (5)

kinds of Chu sequences with any length. It is expected that

these properties give a useful guideline for the efficient mitit is proved in [2] that for an arbitrary integef,

gation of co—chqnngl interfergnce. In. section Ill, we proposeq Cr(k+d+ N)? r(k + d)?2

the channel estimation technique using the theorem for multi- eXp{ N} = exp {WN} (6)
cell environment. It mitigate effectively multi-cell interference
due to the characteristic of the pilot sequence’s correlationis satisfied. Thus, (5) can be rewritten as

Il. CORRELATION PROPERTIES OFCHU SEQUENCES Nl rk? _s(k+4)?
expq —ir————— 5, (7)

) = . . rk*
A set of Chu sequences with lengifi is defined asC' = yrs(9) Z AN N

k=
{a,} wherea, = {a,(0),a,(1), ..,ar(N — 1)} and T ,
The following lemmas will be useful for proof of theorem 1.

exp <m7“]/f]2> . N even, Lemmal: A primitive hth root of unity¢ is defined as
ar(k) = (1) & =exp (12 2
=exp (127 ), 8)
exp (sz) , N odd. ( h)

wherew is any integer relatively prime tb. It can be easily
Here,0 < k,r < N andr is relatively prime withN. for any integerv, 0 < v < h — 1, the following relation is



valid [3].
h—1
Y R =0, (#1L ©)
k=0
Lemma2: If [ = k+e,e =0,1,---, N and a function
f(x) is periodic with periodN, then the follow equation is
satisfied.
N-1 N-1
f)y=)_ fle) (10)
=0 e=0
N-—1
Substitutingk + e in > f(I), we obtain
=0
N-—-1 N+k—1
f0y="> fle (11)
=0 e=k

N-1 N—-1 k—1 N—-1
SO =>fle)+> fley=> fle). (12
=0 e=k e=0 e=0

In this way, we proved the Lemma 2.

Then, the following theorem holds.
Theoreml: Let G = ged(N,r —s), N = ¢1G, r — s =
oG andj = c3G+d, wherec; is prime withe, and0 < ¢3 <

c1. Then, the squared absolute value of the cross- correlatloq; ()

function y, s(5), |y-s(j)|*, is given as

NG, if N even, cico even, d =0
NG, if N even, cico0dd, d =

NG, ifNodd, d=0

0, otherwise

o Q

(2
|yT,S(J)| =

Proof: We can rewrite (7) as

() o

=X —Z7T7

Yrs(j P e
c1G—1

Z . i cok?  skes  skd
. X T - | 7.
P 201 C1 C1G

k=0

Since |yr,s(j)\2 = yr,s(j)yr,s(j)*y

c1G—1c1G—-1 c k
Z Z exp <z27r{ 2
k=0 =

exp (iQﬂ' { sl(e3G +d)
ClG

Yrs(

k(c;c; +d) })

el
261

(14)

We can know that the last term of (14) is periodic with period
¢1G from follows.
2 }>

oxo <m { s(l+c1G)(csG +d)
ClG
. . (CgG + d) Cgl2
=exp (227r {G 2
}) exp (127 (csG + d + 1 Geg))
) ol
201 '
(15)
If N andr — s are evenG = ged(r — s, N) is always even.

exp (—2'277 {
— exp <i27r { (C3G +d

Therefore, the last equality of (15) is valid. Consequently, we

obtain|y,..(j)|> from Lemma 2 and (15) as follows and divide

in two parts for convenience.
se(esG + d)
ClG

Co (l + ClG)
261

Clel

2= > exp <i27r{

e=0

c1G—1
coke
Z exp | —i2m——
C1

k=0
= Ars(4) + Br,s ()

> exp <i27r {—

e=mcy

ag ! < 02k6>
Z exp | —2m

k=0
exp (22 {
e;émcl

610 1 C ke
2 >

C2 62

|yr.s (j 2]

Co 62

A,4(5) A se(c;GGJr d) })

201

028

e(czlGG—&- d) })

261

exp

k 0
(16)

smd
am@ + 224 )}

Substitutinge = me; in A,.(j) ,

G-1
Ars() = exp {m (—
m=0
01G—1

. Z exp (—i2megkm)

k= O

C1C2M

C1C2M

2
=G Z exp ( + i27rsmGd).

17)

C1G—1
The last equality is derived, sinced . exp (—i2wcokm) =

. k=0
c1G. Also, we assume that, ¢y is even, then

i smd
A s(§) =aG Z exp (ZQT(‘G).

m=0

(18)

If d=0, A, s(j = c3G) = c1G?. But, whend # 0, sinces is
relatively with G, we can know easily that, ;(j # c3sG) =0



from Lemma 1. Foe # mc1, B, s(j) is satisfied from Lemma

1 that 7
G Z exp > =0.

<i27r
k=0

Therefore, we always obtain that,. ;(j) = 0 regardless of.
Then, we can derive by (16) that

c1—1
. Cgke

(19)
1

|y7‘,s(j = CSG)|2 = Ar,s(j = CSG) = CIGQa

yrs (G # 3G)[* = 0.

Now, we consider the case thagc, is odd in (17). For this

(20)
(21)

case, ifd = &, then
G-1
G 2
Arslj=esGt 5) =G ;) exp {%(_m2+m> }
G-1
=G ) exp {i2ﬂ<_m(01022”“r5)>}
m=0

(22)
In (22), s and c;c, is odd. If m is odd, ¢;com is also odd
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Fig. 1. Proposed Channel Estimation Process

IIl. APPLICATION TO PILOT PATTERNS FORMULTI-CELL
ENVIRONEMT

In this section, we design the pilot sequences using Chu
sequences and receiver structure for multi-cell environment.
By (3), we can know that Chu sequences have zero circular
autocorrelation function. Therefore, when we transmjt
added CP, we can estimate the channel impulse response
without multi-path interference. Also, if we use Chu sequences
in pilots without multiuser interference, thieth user’s pilot
sequence i&C P cyclic shifted version ofi,.. However, if the
active user increase or it is considered the user of the other

andcicom + s is even since an odd number added to an odell like the case thak’ > (N/CP) where K is the number

number make an even number. Therefarecicom + s) is
even. Conversely, ifn is even,m(cicam + s) is even,too. In

of the active user, it suffer severely from the interference.
Therefore, we require new pilot pattern that effectively can

other word,m(cicom + s) is always even and then (22) ismitigate the interference. The pilot sequences of the target cell

rewritten as

A7-7s(j :C3G+%) 201G2. (23)
If d# <, we obtain that
. G
Ar,s(] 7é C3G + 5)
G-1 (24)
. m(cicom +8)  smey
—chZexp{227r<— 5 + e >},

m=0
where0 < ¢4 < G. Previously, since we know that(cycom+
s) is even, (24) is expressed as

G-1

. G, . 8Mmcy
Ay o(§ # 3G+ 5) = chmz:O exp (227r e ) . (25)
From Lemma 1 and (25), we obtain that
G
Ay o(§ # 3G+ 5) =0. (26)

and other cell is defined as. = [p,.1, P12, » Pr.x]s Ps =
[ps,lv Ps2, pSK]
Prk = [a/T(kCP)a Tty aT(N)a Ty a/T(kCP - 1)] (29)
Ds,k = [ab(kcp)7 ) as(N), Tty as(k'CP — 1)]

where p, 5, is kth user’s pilot of target cell ang;; is kth
user’s pilot of other cell.

The process is represented the proposed channel estimation
technique at the receiver in Fig 1. After remove CP, in
order to estimatekth user’s channel, we have the process
which the received signal correlate with thkéh user’s pilot
sequences from zero cyclic shifted sequenc€'tdo— 1 cyclic
shifted sequence. Then the correlation value of received signal
and m cyclic shifted kth user’s pilot is regard a#, x(m)
where B,«,k(m) is m delayed channel’'s estimated gain value
of the target cell'skth user. In this case, we can know that
the pilot sequences’s correlation of the target cell and other
cell influence the interference by theorem 1. Statistically, if
ged(r — s, N), the correlation’s maximum magnitude of the

. . G . - . . . . . . .
Whencics is odd, B, s(j # c3G + 3 ) is same with the case pjlot sequences , is minimized, it is expected that the channel

that cic, is even. Therefore, by (16)

G 2
Yr,s (j = CSG + 2)

, G
Yr,s(J # 3G+ 5)

G
= Ar,s(j 7é C3G + 5) = CIG2>
(27)

2

=0. (28)

On that way we have proved the Theorem 1 whénis even.
We can prove the case that is odd in similar manner and
will prove this in appendix A. [ ]

impulse response’s difference between the target cell and the
other cell is largest. In this way, for each individual user, the
J channel gain value with largest power will be selected from
the output of the correlator and is expressed as

he o (m), if {

- 2
by o(m) hnk(m)‘ } c MAX_M

0, else
(30)
where M AX ), is the set of the taps with maximum power.
Through the technigque above, we can mitigate effectively



0 APPENDIXA
PROOF OF THETHEOREM 1 WHEN N IS ODD

Consider the case tha( is odd. From (1), (4), (6)

i) = 3 o (=5

- k k
s j 14
,Cxp(_m( +4)(k+ +]))'

10

(31)

N

When N is odd, letG = ged(N,r — s), N = 1G, r —
s = oG, j = ¢3G + d in similar manner thatV is even.

Nomarlized MSE

Proposed

Conventional Substituting this variables in (31), we obtain
- ‘ ‘ ‘ ‘ ‘ N _sj2+sj
-30 25 20 -15 -10 -5 0 Yr.s(j) =exp | —im o
P(other cell)/P(center) (dB) 1

G-1

“ o cok®  cok  skes  skd

Fig. 2. Comparison of the proposed scheme and the conventional scheme Z CXp | tem 2¢1 + 2¢1 - c1 - ch) ’

k=0

(32)

From (32), we can derivéy, ,(j)|* from Lemma 1 easily in
and get the channel impulse response. To illustrate the p&filar manner thatV is even. Then we obtain

formance of the channel estimator, we evaluate the MSE. The c1G—1 (e +e)  se(esG+d)
MSE performance is evaluated as a function of the averagae,s(j)|2 = Z exp <i27r {— 2 + 2 })
power from adjacent cells. For the simulation, we assume that e=0 21 aG
the length of the pilot sequences is 1024, and pass through a6l coke
Rayleigh fading multi-path channels that are independently : Z exp (-iQW B )
generated for base stations. Also, we assume that the number k=0 !
of the adjacent cells is 6 and the length of CP is 128. In order to (33)
minimize the maximum power of other cell, we select the pilgh (33), we divide in two parts for convenience like (16) and
sequences as. = ai, a5, = ag, ds, = a7, sy, = A11, s, =  substitutee = mc in (33),
ais, as, = a19, as; = a3 by the proposed scheme in section a1
llI. In this case,gcd(r — s, N) = 2 regardless ofn. For the . . ca(m?ci +m)  sm(e3G +d)
conventional scheme, we select the pilot sequence of the targéf(j) B Z eXp{Z% <_ 2 * G >}
cell asa,, = a; and other cell's pilot sequences randomly of ngil
the nulmber that relatively prime with. Z exp (—i2meakm)

In Fig. 2, the MSE of the proposed scheme and the conven- Py
tional scheme is compared for signal to other cell interference -1

ratio(SIR). We can confirm that the gap between the proposed— ¢, ¢3" exp {i% ( com(er + 1)) | sm(esG + d)> }
and conventional scheme increase with the increase of other m—0 2 G
cell interference. In other words, we can conclude that the (34)

prop_osed scr_]eme is superior to the conventional schemeAw odd number is made up of odd number’s multiplication.
multi-cell environment.

Therefore, ifN is odd,G andc; are odd. Theng; +1 is even
number and (34) can be rewritten as

smd

G—-1
A, () = chT;isz. (35)

V. CONCLUSIONS
From (35), ifd = 0, A, <(j = c3G) = ¢1G?. Conversely, if
d#0 A, s(j # csG) =0 by Lemma 1. Furthermore, we can
In this paper, we present the generalized cross-correlatigtow thatB,. . (j) = 0 regardless ofl from (33) and Lemma
properties for Chu sequences. The proved theorem can lbelherefore, we can derive as follows
applied to all kinds of Chu sequences with any sequence. Also, ) 5 ) )
using this theorem, we propose the pilot pattern for multi-cell Yr.s (G = e3G)|" = Ars(§ = e3G) = a1 G, (36)
environment. Simulation result have confirmed the superiority ) 9
of the proposed scheme to the conventional scheme. Yr.s (4 # c3G)" = 0. (37)
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